ON THE LANGLANDS-KOTTWITZ-SCHOLZE METHOD

ALEX YOUCIS

ABsTRACT. Using recent advances in the integral canonical models of Shimura varieties using
syntomic methods, we give an extension the Langlands—Kottwitz—Scholze method from [Sch13b].
Namely, we define analogues ¢§Z‘ of the local test functions from op. cit. in full generality, show
they satisfy reasonable harmonic-analytic properties, and with reasonable assumptions give rise
to trace formulae for the Galois-Hecke action on the cohomology of Shimura varieties of bad
reduction. Additionally, we use these new local test functions and the work of Fargues—Scholze to
state a more robust and unconditional version of the Scholze—Shin conjecture from [SS13]. Along
the way we study the (G, p)-apertures of [GM26], in particular showing that such (G, p)-apertures
carry no information than a Tannakian version of Fontaine—Laffaille theory, at least over nice
bases, and give a very explicit description of the universal deformations of (G, u)-apertures.
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INTRODUCTION
In the series of papers [Schll, Sch13a, Sch13b]|, there are defined functions
¢t G(Qy) = Q,

associated to certain local data (G, u, 7, h) which we soon recall, called local test functions. These
local test functions fulfill two, ostensibly disparate but important, roles:

The Langlands—Kottwitz—Scholze method Let (G, X) be a Shimura datum,* and Shk (G, X)
its canonical model at level K = K,KP over its reflex field E. Also fix J¢ k an /-adic automorphic
étale sheaf attached to an f-adic representation & of G for some prime ¢ # p; see §4.1.1.

In [Kot90] one finds a formula of the form

tr (7 x fPlk, | H3(Shk (G, X)g, Fek)) = Z (7057, 6) tr(§(70)) O (f*)TOs (Lg;)m
(v037,9)
where K, is hyperspecial, and where
Hi =2 ino(—1) Hy;
§ is a reductive model of G = Gq, with K, = §(Z,);
v is a place of E lying over p and where F = E,;
7 is an element of Wg projecting to a j*™ power of geometric Frobenius;
Sj = 9(0g,)o(—pn)(p)3(Ok,) where uy is the Hodge cocharacter;
1 s means the indicator function of S;
and (70;7,d) is a Kottwitz triple; see Construction 4.106.

We call this formula and its method of proof, the Langlands—Kottwitz method, which is quite

important for verifying the decomposition of the cohomology of Shimura varieties as in op. cit.
The Langlands—Kottwtiz method is sufficient from a global perspective, but is locally quite

restrictive at a given p as it only considers cases where the cohomology is unramified at p.

To remedy this, Scholze developed the Langlands—Kottwitz—Scholze method, which allows 1,
to be replaced by any locally constant compactly supported Q-valued function h on §(Z,) in
exchange for replacing 1, with the local test function gbi’; “r mentioned above. This gives rise
to the following formula:

T(rh, f7) = tr (7 % f7h | HE(ShK(G X)g Tew)) = D i1, 6) tr(E(10))05 (/) TOs(657,74).
(7057,9)

That said, note that Scholze constructed these local test functions only for so-called EL- and

PEL-data of type A or C' [Sch13b, §§3—4|. In the PEL setting, he established the above trace

formula under a properness hypothesis [Sch13b, Theorem 5.7]; this properness assumption was

then later removed by Lan—Stroh in [LS18a, Theorem 6.36].

The Scholze—Shin conjecture. On the other hand, the functions qbg}’f appear when trying to
understand the relationship between a tempered representation 7 of G(Q,) and the semisimple
L-parameter or: Wo, — L@ associated to 7 by a hypothetical local Langlands correspondence.

Namely, it is a conjecture of Scholze—Shin (see [SS13, Conjecture 7.2|) that one has the equality

S@ﬂ(fg#) = tr (7 | Tp © ©r) S@ﬂ(h)qﬂpc,u)’
where
SO, is the stable distribution associated to (the A-packet of) 7;
r, is the representation of G Wg from Construction 5.80;
ff 7 is the twisted transfer of (ﬁ?,’f from a function on G(Ej;) to one on G(Qy);

p¢ is the half-sum of positive roots;
and ¢ = p" is the size of the residue field k of E.

IFor the sake of simplicity, in this introduction we assume that G = G¢; see §4.1.1. We do not make this
assumption in the body of the paper.
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In other words, ff,’: is a function which allows one (up to the cut-off function h) to relate the
(stable) trace characters of m and ;.

There are better versions of this conjecture allowing both for endoscopic groups of G as well as
more general stable characters; see §5. In fact, using these more refined versions, this matching
of traces between 7 and ¢, frequently does what one might hope: It characterizes the local
Langlands correspondence for G; see [BMY23)].

The local test functions. Now that their importance has been made clear, let us explain the
definition of the local test functions qﬁg’h constructed by Scholze. The local data (G, u, 7, h) is:

§ is a reductive group Z,-scheme;

o is a minuscule cocharacter of G defined over W = W (k) for k/F, a finite extension;

7 =2 1 an integer;

k;/k is the extension of degree j, W; = W(k;), and K; = W;[1/p] (we omit j when it’s 1);
7 is an element Wy projecting to a j™-power of geometric Frobenius;

h: G(Z,) — Q is a locally constant compactly supported function.

The output should then be a locally constant and compactly supported function (;Sgﬁ : G(K;) — Q.

In [Sch13b|, Scholze defined the functions ¢§:h when (G, i) is of so-called EL- or PEL-type A
or C. Namely, for b in G(W;)o(u)(p)G(W;) one attaches a p-divisible with EL- or PEL-structure
Xy, (see [Sch13b, Definition 3.3]) over kj. If Xi™V — D(G, b, 1) is the universal deformation of this
object, then T,(Xy™") produces a §(Z,)-local system over D(§,b, u) := D(G,b, 1),. The frame
space Doo (G, b, 1) for Tp(Xj™V) has a smooth §(Z,)-action by modifying the level, thus giving

an action of 7 x h on the f-adic cohomology of D (G, b, 1)c where C' = K. Scholze then defines:

TH(b) = tr (7 h | Hiy(Doo(S: b ) Q).
and shows that it’s locally constant, compactly supported, Q-valued, and independent of £ # p.

The goal of this article. Scholze’s construction of local test functions naturally extend to the
Hodge-type setting; see [Youl9]. But beyond the Hodge-type case, the lack of a good notion of
‘p-divisible groups with G-structure’ has posed a serious obstruction.

In this article we use recent advances in integral p-adic Hodge theory, namely the the theory
of (G, p)-apertures as in [Dri24, GM26], to overcome this difficulty, establish an (essentially fully
general) version of the Langlands—Kottwitz—Scholze method, and formulate a more robust version
of the Scholze—Shin conjectures using the recent work of Fargues—Scholze.

In the rest of the introduction, we explain some of these points more precisely. For now though,
we would like to state our version of the Langlands—Kottwitz—Scholze method for Shimura varieties
of abelian-type, where it is most robust.

Theorem A (see Corollary 4.150). Suppose that (G, X) is of abelian type. Then there exists an
integer jo = 1, depending only on fP, such that for every j > jo and T projecting to Frob{C :

T(rh ff) = 3 > dal0) ea0) trE(o))en (e, KO, () TOs (69540
YoEXKp ceﬁ&B(W%))ﬁﬁ‘.Ba(p")
a(c)=0

where n = rj. If G* is Q-anisotropic, then one may take jo = 1.

Remark 1 (Some previous work). There is considerable work done concerning local test functions
and the cohomology of Shimura varieties at bad level both inside and outside the Langlands—
Kottwitz—Scholze method. We give a brief list of them below:

e In [Hai0l, Hail4], Haines gives explicit test functions in the Drinfeld case and develops the
stable Bernstein-center formulation of the Haines—Kottwitz conjecture for general level.
e In Haines—Ngo6 |HNO02|, Haines-Richarz [HR21, HR20|, and Anschiitz—Gleason—Lourengo—
Richarz [AGLR22] nearby-cycle descriptions of test functions are given at parahoric level.
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e In [HR12|, Haines—Rapoport explicitly determine the local test functions for I'1(p)-level in
the Drinfeld case.

e In [CH25], Chi-Haines establish local test-function identities and cohomological applications
in certain non-quasi-split EL settings.

e In [Shel8, Shel9|, Shen obtains related identities and cohomological descriptions for certain
quaternionic and unitary Shimura varieties, including p-adically uniformized cases.

In particular, it would be quite interesting to understand whether the methods of [CH25| can be
extended to work in the more general situations considered here.

1. Deformation spaces of (G, u)-apertures. We now more precisely discuss the deformation
spaces of (G, u)-apertures used in the formulation of our general local test functions. In particular,
we give a very concrete description of the universal deformation over these spaces. In the following,
we maintain the meaning of (G, xz) and j from above, and write BTZ# for the formal Artin stack
over W parameterizing (G, )-apertures; see [GM26].

The mechanism for our simpler description of the universal deformation of a (G, u)-aperture
is a general comparison of (9, u)-apertures to certain crystalline data over reasonable bases.
Namely, let X be a base formal W-scheme as in Remark 2.31; for example X is smooth over W
or Spf(Wti,...,t4]) for some d. We then define FFCrys;d’“ (X) to be the category of strongly
divisibled filtered F-crystals with G-structure which are of type u; see §2.3. In essence, one can
think of this as a Tannakian version of the category of Fontaine—Laffaille modules.

Theorem B (see Theorem 2.62). Suppose p > 2 and that X is a base formal W-scheme. Then,
there is an equivalence of categories

Derys: BTZ#(X) — FFCrysy *(X).

Remark 2. One may see this as a Tannakian version of [IKY25, Theorem A] or of [TVX26]
in the case of a point. That said, interestingly enough, as we vary the representation, we
are considering here F-gauges of arbitrarily high Hodge-Tate weights. In some sense, the
minisculeness condition on p shows that in aggregate these F-gauges act if they have Hodge-Tate
weights in the Fontaine-Laffaille range.

Remark 3. Using this, one can give an alternative construction of the syntomic realization
functors from [IKY24a| and [MY26], which is more inline with the methods used in this article,
e.g., doesn’t use any hard facts from [GR22|; see §4.1.3.

Using Theorem 2.62, one can give a very concrete description of universal deformations of
(G, n)-apertures by describing the output of Derys applied to their universal deformation.
By Proposition 2.52 an isomorphism class of a (G, )-aperture over k; is equivalent to the data
of an element b of §(W;)o(u)(p)G(W;). We then further write:
e U, ; C Gw, for the unipotent defined by y;
° U;’ j for its opposite unipotent;

° IAL; j for the completion of u,; ; at the origin;

e and Hg , ; for the ring of global sections of ﬁ; ;i

Finally, for reasons that will be soon clear we alternatively write ©(G, b, u) = ?Al; I

Then, [Ito25a, Theorem 4.4.2], [IKY24a, Proposition 3.32|, and [GM26, Proposition 10.2.9]
explain that there is a (G, u)-aperture Q™" on (S, b, u) which is the universal deformation of b.
We would then like to describe the equivalent piece of data Dcrys(Q‘bmiV). In fact, we would like
to describe an even more concrete equivalent piece of data.

Fix an isomorphism Rg, ; ~ Wj[t1,...,t4], which induces a Frobenius lift o on Rg, ; by
transporting that on Wj[t1, ..., t4] which is the usual Frobenius on W} and raising the coordinates
to the p'"-power. By Proposition 2.71, the data of Derys (ani") is equivalent to a quadruple of
the form (QUMY, v wunlv Fil® Quulv) where:

e Q™ is a G-torsor on Rg , ;;



° V“m" is an integrable and topologically quasi-nilpotent G-connection; see §2.2.4;
. gp‘m” oFQIIV[1/p] =5 QEV[1/p] is VIMV-horizontal and type o(u); see Proposition 2.22;
e and Fil* Q;™" is a filtration on Qun“’ (as in §2.A) satisfying Griffiths transversality in
the sense of Definition 2.68, and for which goum" is strongly divisible.
Let us then write:
e P, C Gy, for the parabolic associated to p;
U ;Zl,njiv for the tautological element of ﬁ;} i(Rgp5);

nY for the Maurer-Cartan element (U;jfljiv) ldU/}L";W, see Notation 2.86;

Ay, for the operator on gz, ﬁ}zc /W given by Ay (x @ n) = Ad <(UA1L171}1V)7 b) (2)® o*(n).

Theorem C (see Theorem 2.95). Write b = kyo(u)(p) for k1 in §(Z,),%. Then,
Qyniv _ 9R9,u,j7 S0;)1n1v _ (UllinjiV)flh Fll. Q;)miv —_ PM c (Q/PM)(RS /A] vumv Z An un1v
n=0

Remark 4. Versions of Theorem C are relatively well-known in Hodge-type situations, e.g.,
see [Kim18, Theorem 3.6]. What is actually new here is the description beyond the Hodge-type
setting (although compare with [[to25a]), and an explicit description of the universal connection
(even in the Hodge-type setting).

2. The local test functions d)i}’: . We now give a precise description of the local test functions
qﬁg}’f studied in this article. Let the notation concerning G, u, 7, h, and j be as above.
To formulate the definition of qbf W, let us write:

e D(G,b, ) for the Berthelot generic fiber of D(G, b, u).3
The universal deformation Q™ over D (9, b, u) gives rise to a §(Z,)-local system on D(S, b, u)
by considering étale realization; see Notation 2.11. We then write
(9,0, 1) = D(G, b, ) for the frame space for this §(Z,)-local system.
Modifying the G(Z,)-level structure gives an action of G(Z,)-action on D, (9, b, u). Using this, we
see that if C' is a completed algebraic closure of K; we have an admissible action of Wk, x §(Z,)

on HY (Doo(G,b, ), Q) for any prime £ # p.
Definition D. We define the local test function associated to (G, i, 7, h) to be:

S G > C, m%{wﬁthéﬂaﬂlhwaQw)ﬁ b€ S(W))o(w)(P)S(W))

0 if  otherwise.

To actually be useful in applications, we need to know that <Z>§,ff has reasonable harmonic-
analytic functions. This is one of the main results of this paper.

Theorem E (see Theorem 3.38 ). The function q&?ﬁ 18 locally constant, compactly supported,
takes values in Q, and is independent of £ # p.

The key to proving the most difficult part of Theorem E, the local constancy, is a fine study
of the action of Ji" = Aut(b) on the finite-level spaces Dk(G, b, ) = Doo(G, b, u)/K where
K C §(Z,) is a compact open subgroup. Namely, in Proposition 3.21, we establish that this
action is uniformly continuous in an appropriate sense. We also make use of some, potentially
independently interesting, independence of ¢-results as described in Appendix A.

Remark 5. While the function qﬁg ,’; is difficult to compute in general, it is feasible in the simplest
possible case: When the cocharacter p is central. This is particularly simple when § = T is a
torus. Namely, if b belongs to T(W;)o(u)(p)T(W;) then

OTH(8) = h (ru(p 7 Artic(7)) - N g, (b (1) () 7))

2This restricted setting is for simplicity here in the intro, and is not assumed in the main body of the paper.
3This is non-canonically an open polydisk over Kj.
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where 7, is as in Construction 5.80, Artk is the (appropriately normalized) Artin reciprocity
map, and Nrg q, T(K;) = T(Qp) is the norm map. See Proposition 3.59 for the general
central-character calculation, and compare with [Sch13b, Proposition 4.10] which contains the
special case when § = G, z, and p is the identity map.

Remark 6. As mentioned before, there have previously been cases of the local test functions
gbi}’f studied: in the EL- or PEL-type A or C case in [Sch13b], and in the Hodge-type (and some
ablelian—type) cases in [Youl9]. In §3.5, we give a precise comparison between our local test
functions and the ones from these articles.

Remark 7. In the type A or C cases studied in [Sch13b], the local test functions can be described
using infinite-level tubes inside of Rapoport—Zink space. In §3.4 we discuss the generalization of
this observation, showing that qﬁf,‘; can be understood as computing the traces of the cohomology
of infinite-levels tubes inside of moduli spaces of integral shtukas for §. As discussed in Remark
3.73 this gives a natural guess for how to define gbf,’j when § is a parahoric group scheme. That
said, this is not so useful as the finer properties of the local test functions in the reductive case
(e.g., Theorem E) require serious deformation theory unavailable in the setting of shtukas.

3. The primitive trace formula. Now that we have described local test functions in full
generality, it is natural to ask whether there exists an equally general version of the Langlands—
Kottwitz—Scholze method, giving a trace formula for the cohomology of Shimura varieties at bad
(specifically subhyperspecial) level. We now discuss the first step in the realization of this idea.
We keep our notation concerning Shimura varieties, and G, u = —up, 7, h, and j as above.

As the local test functions are defined in terms of (G, p)-apertures, we make use of the notion
of integral canonical models from [IKY24a, MY26]. Namely, suppose that K = KoKP? is a neat
level with Ko = §(Z,,). Then, as in §4.1.1, we can build a §(Z,)-local system

Etg, = lim Sh, ke (G, X)p — Shk(G, X).
KpCKo

In [MY26] there is constructed a (pro-)algebraization BT, ##28 of BT ~# and for any W-
scheme X, an étale realization functor Tg,: BT #m28(X) — BS(Z,)(X[Y/p]). Moreover, it is
shown in [MY26, Theorem 4.1.5] that this étale realization functor is fully faithful if X is normal.

Then, as in [[KY24a, Definition 3.39] and [MY26, Definition 6.5.2], a separated W-model
YK (G,X) of Shk (G, X)g is an integral canonical model if:

(1) The G(Zp)-local system Ety , is the étale realization of a (G, —pup)-aperture on (G, X)

such that the corresponding map .% (G, X) — BTY, #2312 is p-adically formally étale.
(2) One has an equality of classical points

\(5’”;)7,\‘71 = {x € [Shi| . Etg , is potentially crystalline at x} .
An integral canonical model .7k is furthermore called limpid if Etk ¢ extends to #k for all £ # p.

Remark 8. Integral canonical models, if they exist, are unique; see Proposition 4.20. The notion
of integral canonical models characterizes good integral models by conditions generalizing the
Serre-Tate deformation theorem and the Coleman—lovita theorem from the Siegel-type case.
Limpid integral canonical models are known to exist for essentially all possible cases, and agree
with Kisin’s integral models in the abelian-type case; see Theorem 4.21 and Remark 4.22.

Given the fact that integral canonical models are designed to be compatible with (G, —up,)-
apertures, it is then perhaps not surprising that they are the proper setting to consider for
generalizations of the Langlands—Kottwitz—Scholze formula. And, in fact, with no extra assump-
tions, they admit a weak form of the formula from the Langlands—Kottwitz—Scholze method,
which we call the primitive trace formula.



Theorem F (see Theorem 4.67). Let g = gp9?” € KoKP and K' = K KP with K, C Kg. Then,
assuming that #«(G,X) is a proper* limpid integral canonical model of Shx(G,X)g, one has

tr (7 x e(g7 K) | Hz(Shi (G, X)5, Fe) = Dt (<ug;>(y)w | (ffg,Kp)cz(y)) Ol k) (O())-
y€Fix(c@) (k)
Let us explain the precise meaning of the notation used above:

e ¢(h,L)= ﬁ(L)HLhL in all usages,
e ¢ = ¢(¢?,K) is the integral Hecke correspondence on .7k (G, X); see Definition 4.53,
e u = u(g”, K) is the natural c-cohomological Hecke correspondence on J¢ k; see loc. cit.,
e ¢ is the j*-Frobenius twist of ¢; see Notation 1.25,
e Fix(cl9))(k) is the fixed-point set of ¢/); see Definition 1.23,

(ug)(y))_' is the naive local term; see Definition 1.24,

§: Fix(cW) (k) — S(W;)o(—un)(p)S(W;) is the map from Construction 4.56.

In words, the primitive trace formula says that the trace on the left-hand side of the formula can
be computed as a sum over fixed-points of a Frobenius-twisted integral Hecke correspondence on
a limpid integral canonical model. The summand at each fixed point has two contributions:

An away-from-p contribution: This is computed entirely in terms of F¢ k and the away-from-p
parts gP and KP of of g and K, respectively.

The at-p contribution: This is computed in terms of the local test function gZ)E;L“ "(6(y)) where

h=e((gy)~!,Kp) depends only on the at-p parts g, and K, of g and K, respectively, and §(y) is
a (G, —up)-aperture obtained from using the fact that (G, X) is an integral canonical model.

The proof of the primitive trace formula combines a detailed study of integral canonical
models, together with a general trace formula relating the Fujiwara—Varshavsky trace formula for
correspondences on the special fiber of a formal scheme to traces of correspondences of certain
covers of its generic fiber. This general rigid-analytic trace formula is discussed in §1, and
generalizes previous work of Fargues in [Far04].

4. The Langlands—Kottwitz—Scholze method. For global applications to the cohomology of
Shimura varieties, discussed below, the primitive trace formula is not sufficient; we need a version
of the Langlands—Kottwitz—Scholze method as discussed at the beginning of this introduction.
We again maintain our notation concerning Shimura varieties, and G, u = —pup, 7, h, and j.

Passing from the primitive trace formula to the desired Langlands—Kottwitz—Scholze-type trace
formula requires a detailed understanding of the fixed point sets Fix(c())(k). This is exactly the
purview of the Langlands—Rapoport conjecture, which posits a decomposition

rSﬂKO(E) = UI&HLP(Q)\ (XP(p) x Xp((p)) /L, Fko = gn yKoLp(va)ﬂ
ol LreKe

which are equivariant for the prime-to-p Hecke action and Frobenius. Morally, one should think:

e [] is like a motive M with G-structure over k;

o XP(p) is parameterizing A%-lattices inside M @ A;

e X,(¢) is parameterizing Z,-lattices inside of M ® Qp;

e [,(Q) is the actual automorphism group of M that provides coherency between these
away-from-p and at-p realizations.

The usual double-coset description of Shk (G, X)(C) should be viewed as a motivic decomposition,
which can be made precise assuming the Hodge conjecture. The Langlands-Rapoport conjecture
is a similar motivic decomposition over F,, (sans the archimedean place which is not relevant).
While it was Langlands—Rapoport that had the original vision for this conjecture and its
applications to the Langlands—Kottwitz method, it was Kisin—-Shin—Zhu in [KSZ21| that gave this

4This is not necessary; see the precise statement of Theorem 4.67.
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very strong rigorous foundations. Namely, they very precisely axiomatized not only the Langlands—
Rapoport conjecture, but certain weaker twisted variants called the Langlands—Rapoport--
congecture. They moreover showed that a Langlands—Kottwitz-type trace formula follows from
such a Langlands—Rapoport-7 conjecture.

We may then directly imitate their method and almost show that, under the assumption of a
Langlands—Rapoport-7 conjecture one can upgrade the primitive trace formula to a Langlands—
Kottwitz—Scholze-type trace formula. The ‘almost’ here is because we require that this Langlands—
Rapoport-7 conjecture is compatible with the map ¢ from the primitive trace formula, something
we refer to as compataiblity with syntomic realization; see Definition 4.133.

Theorem G (The Langlands—Kottwitz—Scholze formula, see Theorem 4.144). Suppose that
(G, X) is proper,® and that there exists a Langlands—Rapoport-T conjecture compatible with
syntomic realization. Then, with n = rj, one has:

T(rh fP)= Y > dal0) ea0) trE(0))e e, KO, () TOs (6954
Y0EXkp c€RP(10)NAR, (P7)
a(e)=0
where for each ¢ in the inner sum, (yo,7,0) denotes any representative of its associated classical
Kottwitz parameter.

Remark 9. When (G, X) is of abelian type, Kisin—Shin—Zhu verify that the Langlands—Rapoport-
7 conjecture holds. Using the construction of the syntomic realization in [[KY24a| one can show
that Kisin—Shin—-Zhu’s Langlands—Rapoport-7 bijections are compatible with syntomic realization.
Thus, one arrives at Theorem A, at least after relaxing the unnecessary properness assumptions.

Finally, we mention that imitating [KSZ21, §8], which provides an (Arthur-Selberg) stabi-
lization of a Langlands—Kottwitz-type trace formula, we can deduce a stabilization of such
Langlands—Kottwitz—Scholze-type trace formulae (see the main-body theorem for notation):

Theorem H (see Theorem 4.163). Suppose that .7« (G, X) is proper,’ and that there exists a
Langlands—Rapoport-T conjecture compatible with syntomic realization. Then,

T(rh )= 3 UG OSTHG (£)0): (1.1)
e€€en(G)
5. The Scholze—Shin conjecture and applications to Shimura varieties. Finally, we
explain that our general local test functions, together with recent deep work of Fargues—Scholze
and Hansen, allows one to give a more robust and precise version of the Scholze-Shin conjecture.
We fix our notation concerning G, i1, 7, h and j as above. We furthermore write G = G, .
To begin, recall that in [F'S21] there is constructed a C-algebra map
e 2P(G) — 2(G),
where
o Z°P¢((@) is the spectral Bernstein center (aka the stable Bernstein center); see §5.2.2;
e Z(@) is the Bernstein center; see §5.2.1.
One may think of Z°°(G) and Z(G) as the global sections of the coarse moduli spaces of
L-parameters and smooth irreducible representations of G(Q,), respectively. Moreover, a homo-
morphism like \I/gs can be seen as an incarnation of a hypothetical local Langlands corresponence
for G; see [Hail4, Proposition 4.23]. In fact, from ‘Ilgs one may build an association of a
semisimple L-parameter ¢F>: Wq, — L@ for any smooth irreducible representation 7 of G (Qp).
Now, from the data p and 7 one can cook up a natural element 27" of Z5°°°(@). Namely, one
may think of an element of the coarse moduli space of L-parameters as a semisimple L-parameter
w: Wo, — L@ and one then defines

P () =t ((7) | ) @0,

5Again7 this is not actually necessary; see Theorem 4.144 for the precise general assumptions.
6Again, this is not actually necessary; see Theorem 4.163 for the precise general assumptions.
8



where

o 7y G x Wk — GL(V,) is the representation as in Construction 5.80;
e ¢ is the size of k;
e (pg, 1) is the pairing of u against the half-sum of a set of positive roots.

The Scholze—Shin conjecture can then be seen as describing an explicit description of the images
of 2,7 under WES, which we denote 2, , = WE (2,P7°).

Now Zu,7 being an element of the Bernstein center Z(G) is not an element of the Hecke algebra
of G(Qp), but has the property that it can be convolved against any such Hecke operator h to
produce a Hecke operator z, ; * h. Moreover, as the Langlands conjecture only concerns the
stable parts of distributions, we will only be interested in such functions up to stable equivalence
=gt; i.e., where we disregard functions with vanishing stable orbital integrals.

Conjecture I (see Conjecture 5.89). One has z, - * h =g f , where ff’# is a twisted transfer
ofgi) to a function on G(Qp).

Remark 10. Implicit in this statement being well-posed, we are using the result from [Han20]
which implies that \I/gs takes values in the very-stable elements of the Bernstein center; see
Definition 5.45. Hansen’s result also allows us to state a more familiar implication of the Scholze—
Shin conjecture. Let © = ). a;0, be an atomically stable virtual character of G(Q,) (see
Definition 5.69). Then, if the Scholze-Shin conjecture 5.89 holds, we have the following identity

O (frp) = 225 (06°) © ().
Here gogs = gogls which is independent of the choice of 7; by [Han26|; see Proposition 5.70.

Finally following Scholze—Shin in [SS13], and Haines in [Hail4], we are able to apply the Scholze—
Shin conjecture, in tandem with the stabilized version of the Langlands—Kottwitz—Scholze formula
from Theorem H, to obtain concrete consequences about the cohomology of Shimura varieties.

In the following, we use the following notation:

e d =dimc X
e (—)¥ is the semisimplification of Weil representations from Notation 5.99;
e Let m, be an irreducible smooth G(Q,)-representation. Write

d
. FS > 2
Rﬂ‘p = (T*Hh © Pr, |WE> ® ’ ’ |E2’

1.

)

with |7|g := |Artg(7)|p normalized so that geometric Frobenius has absolute value ¢~
e a¢(my) is as in Notation 5.98.

Proposition J (see Proposition 5.101). Assume that (G,X) is a Shimura datum where G is
Q-anisotropic and with no endoscopy (in the sense of [Hail4, Theorem 6.3.2]), (4.1) holds, and
the Scholze—Shin conjecture holds for all T and h. Then, there is a decomposition of virtual
G(AI}) x Ko x Wg-representations

HI (G, X, )%= > af(wf)[wpmpmxmp ,

mF=mP Ry
where Ty ranges over irreducible admissible G(Ay)-representations.

For a Weil representation V', we denote by (&(V) the partial semisimple Hasse-Weil (-
functions in the sense of Definition 5.104. Then, as in [Hail4] the above decomposition has
concrete implications for the partial semisimple Hasse—Weil (-functions of Shimura varieties.

Definition K. Fix a neat level K and write S(K) for the set of primes v of E not dividing ¢ and
lying over a prime p where K, is contained in a hyperspecial subgroup of G(Q,). We then write

(S(K (G7X7 K,g,S) . S(K) (H*(G X K 5) )
9



Corollary L. Assume the setup of Proposition J holds for every place v in S(K), and write
Ry, v for Ry, formed with E = E,. Then, we have an equality

) —ag(my)dim 7'1"};

GG X Kes)= [T [ det (1_(1‘78@”']%’]&’”
veS(K) Ty =Tr e,

Notation and Conventions. In the entirety of this paper we make use of the following notations

and conventions (with more specific notations/conventions defined locally below):

e For a functor of groupoids F': 4 — % and an object x of %, the fiber fib(4 — %;x)
has objects (y,.: F(y) = z), with y an object of %. A morphism (y,¢) — (y/,¢) is an
isomorphism a: y = y' satisfying // o F((a) = .

e For a groupoid ¢, we denote by (%) the set of isomorphism classes in ¢.

e Closed subsets of (formal) schemes carry their reduced scheme structures.

e A non-archimedean field K is complete for a non-trivial rank 1 absolute value | - | inducing its
topology. We write O = {z € K : |z| < 1} for its valuation ring.

e We use the terminology of formally of finite type is as in [ALY22, Definition 2.2].

e For a Huber ring A, write A° and A°° for its power-bounded and topologically nilpotent
elements, respectively.

e An adic ring is a topological ring R whose topology is induced by the powers of some ideal
J C R, which we call an ideal of definition. We will write Spf(R, J) for the formal spectrum
of this topological ring, or Spf(R) when the topology/ideal is implicit.

e A Tate ring is a Huber ring containing a pseudouniformizer, i.e., a topologically nilpotent unit.

e For a Noetherian adic ring R with ideal of definition .J, write Ryeq = R/R°° = R/+/J for its
topological reduction.

e We write Int(g)(x) = gzg~'.

e For an algebraic group L over a ring R and a subset S C L(R) we write Cent(S, L) for the
centralizer of S in L. We further write L, = Cent(y, L) and I, = L3,

e For the Weil group Wy of a local field K, we write v: W — Z for the valuation taking the
value 1 on (a lift of) geometric Frobenius.

e The symbol o will often (but not always) denote a Frobenius lift on a ring, most often the
Witt vectors of a perfect field of characteristic p.

e Our conventions concerning cocharacters, filtrations, and their associated parabolic subgroups
follow §2.A and more specifically Remark 2.A.25.

e For a finite-dimensional representation p on V', we write tr(z | p) or tr(x | V') for tr(p(x)).

e For an endomorphism u of a perfect complex M over a commutative ring, we write tr(u) for
> (=1)*tr(u’) for any bounded finite-projective representative (P*®,u®) of M and u.

e For any cohomology theory H*, we will denote H* = Zi20(—1)iHi.

e Our conventions concerning derived algebraic geometry are as in [GM26].

Acknowledgements. I would like to thank Piotr Achinger, Alexander Bertoloni Meli, Patrick
Daniels, David Hansen, Hiroki Kato, Naoki Imai, Keerthi Madapusi, Emile Okada, Arghya
Sadhukhan, Peter Scholze, Sug Woo Shin, Peihang Wu, and Bogdan Zavyalov for helpful
conversations and suggestions.

AT usage. Most of the ideas for this paper were written between 2024 and early 2026 before
the AI models reached the point they are currently at in Fall 2026. That said, since Summer
2026 they have become an indispensable tool for literature searching, TeX help, and proof
checking /correction /streamlining; I have used them very extensively for this purpose (mainly
ChatGPT 5.6 Sol, and ChatGPT 6 Astra).

The proof checking/correcting/streamlining, was the most impactful part of AI’s usage here.
The vast majority of the issues that it found were important to fix, but fairly routine: normalization
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errors, missing hypotheses used in a proof, incorrect bounds made in estimation proofs, etc.
While I cannot list all instances of these suggestions here, there are two which incur particular
intellectual debt. In my original proofs of Theorem A.12 and Proposition 3.21, I had lengthy,
multi-step arguments that used the skeleton of the current proofs throughout. ChatGPT pointed
out that I was greatly overcomplicating things, leading to the current streamlined proofs.

Despite the above, I would like to emphasize the obvious: All remaining errors in the paper
are entirely my responsibility.

1. A RIGID-ANALYTIC TRACE FORMULA

In this section we establish a formula which computes traces of an analytic correspondence
on a rigid K-space Y in terms of cohomology of Berthelot tubes of a formal model. The reader
should compare the material of this section with [Far04|, which establishes many of these results
for the algebraizable situation.

Notation 1.1. We shall freely use standard terminology, notation, and results about rigid spaces,
formal schemes, their generic fibers, Berthelot tubes, etc. For a reminder on these concepts see
[ALY?22, §2| and [AY26, §2.1|, and the references therein.

That said, for the convenience of the reader we do recall the following notation and conventions:

e For a Huber ring A, we shorten the notation Spa(A, A°) to Spa(A).

e A rigid K-space is an adic space locally of finite type over Spa(K).

e For a locally formally of finite type formal Og-scheme X, we denote by X, its generic
fiber in the sense of Berthelot. Equationally, if X2 is the adic space associated to X,
then %n = :{ad XSpa(OK) Spa(K)

e For a closed point = of X, we define the Berthelot tube to be X(z) := spgl(x)o, where
spx: |Xy| — |X] is the specialization map.

1.1. The Fujiwara—Varshavsky trace formula. In this subsection we recall Fujiwara’s solution
to Deligne’s conjecture (see [Fuj97]), later improved by Varshavsky in [Var07|. The output of
this is a formula relating the trace of a cohomological correspondence on a variety over a finite
field to a weighted point count of the fixed points of that correspondence.

1.1.1. Correspondences. We first recall the basic theory of correspondences.

Setup 1.2. Throughout we set:

e S to be a Noetherian (formal) scheme;
e A to be a finite ring with [A] in OF, or a finite extension of Z, or Q; (with ¢ in OF);
e D.t(X,A) to be the category defined in [SP, Tag 0F4M].

Definition 1.3. We recall the following definitions.

(1) A correspondence on (topologically of) finite type separated (formal) S-schemes is a pair
of arrows of (formal) schemes (not necessarily over S):

C: X1(6—1X06—2>X2.

For a property P of morphisms of (formal) schemes, we say that ¢ is P if each ¢; is. If
X1 = X9 we may abbreviate the notation for a correspondence to ¢ = (¢1,¢2): Xo = X.

(2) A morphism of correspondences d — c is a triple f = (f1, fo, f2) with fi: V; — X, a
morphism of (formal) S-schemes such that the following diagram commutes:

Vit v 2oy
fll fol f2l (1-1-1)
X1 < X() X2.

C1 Cc2

For a property P of morphisms of (formal) schemes, we say that f is P if each f; is.
11
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(3) For a correspondence ¢ and sheaves F; in D(X;, A), a c-cohomological correspondence is
a morphism u: cacjF1 = Fa in Deys( X2, A). We denote the A-module of ¢-cohomological
correspondences from F; to Fa by Coh.(F1, F2).

We often make use of the following alternative presentation of a cohomological correspondence.

Notation 1.4. As 6!2 is right adjoint to c91 we see that a c-cohomological correspondence

u: coic]F1 — Fa is equivalent to a morphism c¢jF; — 0!29’2 which we denote u™.

Remark 1.5. Suppose that c is finite étale so that, in particular, 0!2 = c5. In this case, we can
describe for a geometric point z of X the map uy: (caciF1)s — Fop easily in terms of uw. In
particular, by [SP, Tag 0F5F| we have that

(CQICTSr’l)x = @ 9:101(31),

yecy ' (z)

Up = Yy, (1.1.2)

yeey ! ()

and we then have

where for each point y of ¢; '(x) we have the map u;: Freiy) = Foca(y) = T2z

Definition 1.6. Suppose that c is a finite étale correspondence. We define the tensor product
®: Coh.(F1,TF2) x Coh(G1,G2) = Cohe(F1 @4 G1,F2 @4 G2)

uniquely characterized so that (v ® v)" = v ® v™.

Remark 1.7. It’s easy to see that one has the formula
(U® V), = Z (u;®v;), (1.1.3)
yecy ' (@)
for any geometric point z of X5, with notation as in (1.1.2).
1.1.2. Functoriality of cohomological correspondences. While pushforwards and pullbacks

of cohomological correspondences exist in much greater generality (e.g., see [FYZ23, Part 1]) we
will only need them in the basic case of finite étale morphisms of finite étale correspondences.

Construction 1.8. Let f: d — ¢ be a finite étale morphism of finite étale correspondences. In
this case we have that f;1 = fi«, cit = cix, and d; = d;x, a fact which we use below. That said,
for readability we use both notations.

(1) Let u: dodjF; — Fa be a d-cohomological correspondence. Define

fe(u): cac] f1:F1 — fou T2
to be the c-cohomological correspondence given by the following composition

* C* * * * (U
a1 (f1F1) 22 cor foudiF1 = foudondFy L), fox T2,

where BC, is as in [SP, Tag 07A7|.
(2) Suppose that v: cacjF; — Fo is a c-cohomological correspondence. We define the
d-cohomological correspondence

() dady f{F1 — f3F2
to be such that f*(v)™ agrees with
k% Xk f* U_| Xk ko Pk
dif1F1 = fociT M foeaF2 = dy f3 5.

Remark 1.9. As ¢ and d are finite étale, one can describe the maps fi(u) and f*(v) explicitly
on stalks using [SP, Tag OF5F] as follows:
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(1) Fix z a geometric point of X5. Then, there is a functorial identification

f*(u)x:(a: @ @ Fu— P 3"2w> (1.1.4)

yeey (@) Lefi (e (v)) wefy ' (z)
where the (y, ¢, w)-matrix entry of a is given by
a(y,l,w) = Z u;, (1.1.5)
q€X (y,lw)

where X (y, £, w) = fy ' (y) Ndy () Ndy* (w).
(2) Fix y a geometric point of Ya. Then, there is a functorial identification

Vy= Y, Fl= Y v (1.1.6)
zedy M (y) zedy H(y)
Finally, we establish an analogue of the projection formula for cohomological correspondences.
Definition 1.10. Let d be a finite étale correspondence. We define
trg: dadiA — A,
to be the unique element of Cohg(A, A) so that tr) is the identity.

Proposition 1.11. Suppose that f: d — c is a finite étale morphism of finite étale correspon-
dences. Then, for a c-cohomological correspondence u: caciF1 — Fa there is an identification

QMFWW@@ﬁJWr+ME%]:P®ﬂmﬁwwﬂﬁ&wm0%%®mmA

Proof. More precisely, we claim that the diagram

" U fx (tr
co1ci (F1 @p f1:A) ) (tra), T2 @A foslh

cmcm)l b (1.1.7)
enc frafi — W

commutes, where T is the isomorphism from [SP, Tag 0B54]. To check this, it suffices to check it
at the stalk of an (arbitrary) geometric point = of Xs. Using [SP, Tag OF5F| we may identify
the diagram obtained by passing to the stalk at x of (1.1.7) with

D (Fiawen B A @D, g, @ @ A

yee; H(x) tefi(ay) wefy (@)

l |

D D T ) D Forw

yecy ' (x) Lefy M (e1(y)) wefy (@)

where the vertical maps are the obvious ones (using that f1(¢) = ¢1(y) and fa(w) = x), and the
m(y, ¢, w) and n(y, ¢, w) are the matrix entries of their respective maps. Using (1.1.4) and (1.1.6)

one sees that
m(y, l,w) = Z (u; ®1id).
qeX (y,l,w)

On the other hand, using (1.1.3) and (1.1.4) we see that
n(y, &, w) = Z u?o(q)’

€ X (y,4,w)

which are equal as for ¢ in X (y, ¢, w) we have that fo(q) = y. O
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1.1.3. Induced morphisms on cohomology. We are most interested in cohomological corre-
spondences over perfect fields where cohomological correspondences induce maps on cohomology.

Setup 1.12. Throughout we fix k to be a perfect field with absolute Galois group I'j.

Construction 1.13. Suppose that c: X3 & Xy B Xy is a correspondence with ¢; and ¢
proper, and that u: cgc]F; — JF2 is a c-cohomological correspondence. We can define morphisms

RT.(u): RTo(X1,F1) — RT(Xa,F2),  RT(u): RT(X1,F1) — RT(Xs, Fs) (1.1.8)
in D2(Spec(k), A). The first map in (1.1.8) is given as the composition

RTW(X1,F1) 25 RT.(Xo, & F1) 2% RT.(Xo, enciF1) % RUo(Xa, F2),

where BC, denotes the base change morphism (see [SP, Tag OF7L]), and the second map in
(1.1.8) is obtained similarly.

Remark 1.14. The maps in (1.1.8) are equivalent to the Gal(k/k)-equivariant maps
RFC<H) : RFC(XI,E’ ?I,E) — RI‘C(X27E7 ?2%), RF(H) : RF(XI,E’ 3:17%) — RF(XQ,E’ SFZ,E)
of A-modules, where u: c,, ECI Eﬂ’l 7 — F,5 7 is the correspondence obtained by base change.

Proposition 1.15. Let f: d — ¢ be a finite étale morphism of finite étale correspondences. For
a d-cohomological correspondence w: doid]F1 — Fo there are identifications of complexes

[RF(U)i RI(Y1,97) — RF(Yz,SFQ)] o [Rf(f*(u)): RI(Xy, fis1) — RT(X2,f2*3'"2)],
and
l:RFc(U)Z RT.(Y1,51) — RFC(YQ,%)] o~ [RFC(f*(u)): RT (X1, f1:F1) — RFC(Xg,fg*fr'"g)].
Proof. For the first claim, we more precisely claim that we have a commutative diagram

RI'(f«(u
RU(Xy, £.51) 22U pr(xy, £.9)

RC(V:, F) — s RI(Ya, F),

where the left vertical map is that obtained by the composition
RP(Xl, f*gfl) — RF(Yl, f*f*.rfl) — RP(Yl, 3:1),

with the last map obtained by the counit map f*f.F; — Fi, and the right vertical arrow is
obtained similarly; these are both isomorphisms by [Ful5, Proposition 5.7.4 and Corollary 5.6.9
(i)]. The commutativity follows because RI'(u) can be interpreted as g, where g is the map from
d to the trivial correspondence ¢, (e.g., see [Var07, §1.1]), and the base change map commutes
with compositions; cf. [Var07, §1.1.7]. The proof of the second claim follows similarly. O

1.1.4. Twisting correspondences. We now discuss the procedure of twisting correspondences
by elements of the absolute Galois group. We are still in the setting of Setup 1.12.

Notation 1.16. Fix 7 in I'y. Then, for any k-scheme X, we have a natural morphism
Tx: Xp > T Xy = X7
Remark 1.17. If f: Y — X is a morphism of k-schemes, then fror1y = 7x o fr.
Definition 1.18. For a correspondence
e X1 X033 X,

over k and an element 7 of Gal(k/k) we define the T-twist of ¢ to be the correspondence

C, 7.0TX Co T

1,k 0 2.k

c: X,z X
1,k

0,k X,
14
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Construction 1.19. For a c-cohomological correspondence u: coic]F1 — F2 we obtain a -
cohomological correspondence u” induced by @ and the natural identifications

(e 507x0) T 5= (T, 00 7)"F 7 = C;,ET;GCFI,E o~ CiE?l’E, (1.1.9)
where the last isomorphism is the natural one coming from the descent datum of &, z to F7.
Remark 1.20. Unraveling the definitions shows that

RT.(u") =7 x RT.(u), RT'(u™) = 7 x RI'(u),

where 7 x RI'.(u#) denotes the composition in either order (which is unambiguous as they commute),
and where we define 7 x RI'(u) similarly.

The following is an immediate corollary of Proposition 1.11 and Proposition 1.15 as twisting
morphisms commutes with pushforwards, pullbacks, and tensor products in the evident way.

Proposition 1.21. Let f: d — ¢ be a finite étale morphism of finite étale correspondences over
k and let T be an element of Gal(k/k). For a d-cohomological correspondence v: dodiF; — Fo
there are identifications of complezres

{RF(”T% RU(Y 5, 31 5) = RF(Yz,kv%,k)] ~ [Rr(f*(v)T)i RU(X, 5, f1: Ty ) = RF(XQ,kﬂfZ*gQ,k):|a
and
[RFC(UT)Z RLc(Y) 5T 5) = BLe(Yop, 5"2,/9] = {Rfc(f*(v)f): RUe(Xy g, fuF1 5) = REe(Xy g, fz*"fz,k)]7

If, moreover, v =~ f*(u) for a c-cohomological correspondence u: cociF1 — Fo then there are
further quasi-isomorphisms of complexes

[RF(UT): RU(Y, 5, 3y 5) = RF(YQ,w%,k)} = {RI‘(“T X fe(tra)"): RU(X, g, frF) ) = BT (X, g, f2*3:2,k):|a
and

|:RFC(1)T)Z RFC(YLE’ 3~1,E> — RFC(YVZE, 3727%):| ~ |:RFC(UT X f*(tl"d)T) : RFC(XLE’ fl*?l,ﬁ) — RFC(XZ,E’ f2*3’~2£):| .

1.1.5. The Fujiwara—Varshavsky trace formula. We are now ready to discuss the Fujiwara—
Varshavsky trace formula which computes the trace of a cohomological correspondence in terms
of so-called naive local terms at fixed points.

Setup 1.22. Fix a perfect field k£ and a correspondence ¢ = (c1,¢2): Xo = X.

Definition 1.23. Define the fized scheme of ¢ to be Fix(c¢) = Eq(c1, c2). We consider Fix(c) as
a closed subscheme of Xj.

Definition 1.24. Suppose that ¢y is finite étale, and let w: ca1c]F — JF be a c-cohomological
correspondence. For a k-point y of Fix(c), we write  for the common point ¢;(y) = c2(y). Thus,
w; is a morphism F, — F, of complexes of A-modules, and we call the element tr(w;) of A the

naive local term (at y).
Notation 1.25. Let k be a field of order p”, and let n > 0. For a k-scheme Y, write ®y = (Fy )7,

with Fy the absolute Frobenius. For a correspondence of k-schemes ¢: X7 <= Xy -2 X, define

(n) _gn _
¢ =P% oy g C2%

™ X5 0.k Xo R

Remark 1.26. Let o in I'y denote geometric Frobenius, and set oy = 0 ® 1 viewed as a
morphism on Yz. Then, the identity ®} = F{};} o oy gives rise to a canonical identification

(P )* =~ (of)*; see [SP, Tag 03SN]| and [SP, Tag 03SV].
Thus, for a c-cohomological correspondence u: cacjF1 — T defined over k, define the ()
cohomological correspondence u(™ by

n
Nk~ kg U _
Cmer )T = enle ook Fip — Ty
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Thus, from the above discussion, RT.(u(™) = RT.(u’"), and similarly for ordinary cohomology.

Theorem 1.27 (cf. [Var07, Theorem 2.3.2] and [F11j97]);5uppose that k is a finite field of order
q and that c is finite étale. Then, for every n > 1 the k-scheme Fix(c(”)) 1s finite. Moreover,
there exists an m > 1 such that if ¢ > m and u is any ™ -cohomological correspondence, then

tr(RLe(u) = > tr (u;) .
y€EFix(c() (k)
If ¢ admits a finite compactification ¢, then m may be taken to be the ramification index of C,.

1.2. A rigid-analytic trace formula. In this subsection we explain how Theorem 1.27 allows
one to give a formula computing the trace of a Galois-twisted correspondence on the generic fiber
of a formal scheme in terms of a weighted point count on the special fiber.

Notation 1.28. We fix the following notation:

e K is a finite extension of Qp;
e O is the valuation ring of K;

r: I';y — I's is the reduction map;
Wi is the Weil group of K;

e k is the residue field of K and g = |k|; o v: Wi — Z is the usual (geometrically-
o (= %; normalized) valuation;

e 7= Spa(K) and T, = Gal(K/K); e A is a finite ring with order invertible in
o s = Spec(k) and Ty = Gal(%/k); k, or a finite extension of Z; or Q, (with

¢ invertible in k).

1.2.1. Analytic correspondences. We now discuss the theory of analytic correspondences.
This theory is obtained, mutatis mutandis, from the algebraic theory (once the appropriate
assumptions/definitions are made), and so we omit details analogous to those in §1.1.

Definition 1.29 (cf. [BH22|). A map f: Y — X of rigid K-spaces is (in decreasing generality):
e reasonable if it is separated, taut (see [Hub96, Definition 5.1.2|), and finite-dimensional
(i.e., that dim.tr(f) < co with notation as in [Hub96, Definition 1.8.3|);
o Zariski-compactifiable if there exists a Zariski open immersion Y < Y over X, where Y
is a proper adic X-space.
A rigid K-space X is reasonable (resp. Zariski-compactifiable) if X — Spa(K) is.

Notation 1.30. Denote by D, (X, A) the category of Zariski-constructible A-modules in the
sense of [BH22, Definition 3.1].

Remark 1.31. The following hold for locally bounded complexes and reasonable f:

e f* preserves Zariski-constructibility; see [BH22, Proposition 3.4(3) and Theorem 3.36(1)|;

e Rf' preserves Zariski-constructibility; see [BH22, Remark 3.13 and Theorem 3.36(5)];

e if F and G are Zariski-constructible and F has finite Tor-dimension, then F ®k G and
R omp(F,G) are Zariski-constructible; see [BH22, Corollary 3.14 and Theorem 3.36(1)];

if f is proper, Rf, preserves Zariski-constructibility; see [BH22, Theorems 3.10 and 3.36(3)];
if f is Zariski-compactifiable, both Rf, and Rf, send lisse complexes to Zariski-constructible
complexes; see [BH22, Corollary 3.11 and Theorem 3.36(4)].

Definition 1.32. We make the following definitions:
(1) An analytic correspondence of locally of finite type separated rigid K-spaces is a pair of
arrows (not necessarily over K):
C: X1 ﬁ X() C—2> X2.

We always assume that ¢ is Zariski-compactifiable. For a property P of morphisms of
adic spaces, we say that c is P if each ¢; is. If X1 = X9 we may abbreviate the notation
to c = (c1,c2): Xo = X.

A finite compactification of c is a finite correspondence c: Xo = X of proper k-schemes, together with dense
open immersions jo: Xo — Xo and j: X — X satisfying ¢; o jo = j o ¢; for ¢ = 1,2. The ramification index is
that of [Var07, Notation 2.2.2(b)].
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(2) A morphism of analytic correspondences d — ¢ is a triple f = (f1, fo, f2) where f;: Y; —
X; is a morphism of rigid K-spaces where the diagram as in (1.1.1) commutes.

(3) For an analytic correspondence ¢ and sheaves F; in D,.(X;, A), a c-cohomological corre-
spondence is a morphism u: coic;F; — Fa in D(X2, A). We denote the A-module of such
objects by Coh.(F1, Fs).

Notation 1.33. If c is finite étale, then a c-cohomological correspondence u: coicjF; — JFa is
equivalent to a morphism ¢;F; — c¢3F, which we denote u™.

Definition 1.34. A geometric point of a rigid K-space X is a morphism z: Spa(K, K1) — X
with K separably closed.

Remark 1.35. Let notation be as in Definition 1.32. For a geometric point « of X we have that
(26F)e = P Fraw:
yee; ' ()
as follows from [Hub96, Corollary 5.2.3], and moreover we have that
Up = Yy, (1.2.1)
yee; ' (z)

where for each point y of cgl(x) we have the map u;: Freity) = Foea(y) = Fou-
Definition 1.36. Suppose that c is a finite étale correspondence. We define the tensor product

®: Coh.(F1,Fa) x Cohe(G1, G2) — Coh.(F1 ®4 G1,F2 @4 G2)
uniquely characterized so that (v ®v)? = v ® v™.

1.2.2. Functoriality of analytic correspondences. We again only need basic functorialities
for finite étale morphisms of analytic correspondences.

Construction 1.37. Let f: d — ¢ be a finite étale morphism of finite étale analytic correspon-
dences; we again make use of the fact that f; = fi«, cit = ¢, and dy = d;».

1) Let u: dg;d*f}l — 32 be a d—COhOI[lOlOgical Correspondence. Define
1
f*(u) CQ!CTfl*:}l — 72*5‘?2

to be the c-cohomological correspondence given by the following composition

cacy (f1+971) BC, e fosdi1F1 = foudadiF1 EEION f2:TF2.

(2) Suppose that v: cacjF; — Fo is a c-cohomological correspondence. We define the
d-cohomological correspondence

fr(v): dad] f{F1 — 35
so that f*(v)™ agrees with
L = fam B e = dy
The following is obtained mutatis mutandis from Proposition 1.11.
Definition 1.38. Let d be a finite étale analytic correspondence. We define
try: dodiA — A,
to be the unique element of Cohg(A, A) so that tr} is the identity.

Proposition 1.39. Suppose that f: d — c is a finite étale morphism of finite étale analytic
correspondences. For a c-cohomological correspondence w: caciF1 — Fa there is an identification

fo(f*(w): cac] fre f1F1 — f2*f§3"2] o~ {u @ fultrq): caci(F1 ®@a fialh) = Fo @4 forA
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1.2.3. Induced morphisms on cohomology. Again cohomological correspondences induce
morphisms on cohomology groups.

Construction 1.40. Let ¢: X; <= X = X, be an analytic correspondence of reasonable rigid
K-spaces with c¢; and cp proper, and u: co1c]F1 — F2 a c-cohomological correspondence. Define

RPC(U)i RPC(Xl,SFl) —>RFC(X2,9'~2), RP(U) RF(Xl,EFl) —>RF(X2,EFQ) (122)
to be the morphisms in D?(Spec(K), A), with the former map given as the composition

RTW(X1,F1) 25 RU.(Xo, & F1) 2% RUL(Xo, enciF1) % RUo(Xa, F2),

with BCy the base change morphism (see [Hub96, Theorem 5.5.9 i)]), and similarly for the latter.
Remark 1.41. The maps in (1.2.2) are equivalent to the I';-equivariant maps
RPC(H): RFC(XLC‘, ?LC) — RFC(ch, ?2,0), Rr(ﬂ): RF(XLc, 371,0) — RF(XQ’C, Stg,c),

withw: Cz!,ccik,cfﬂ,o — J2,c the map obtained by base change. If the X; are Zariski-compactifiable
and the &F; are bounded lisse complexes, these complexes have finitely generated cohomology over
A, and vanish outside a a specific range; see [BH22, Corollary 3.11 and Theorem 3.36].

The following is obtained, mutatis mutandis, from the proof of Proposition 1.15.

Proposition 1.42. Let f: d — ¢ be a finite étale morphism of finite étale correspondences. For
a d-cohomological correspondence w: dod]F1 — T2 there is an identification of complexes

|:RF(U): RF(}/l, ffl) — RF(YQ, 372):| ~ [RF(f*(u)) RF(Xl, fl*ﬂfl) — RF(XQ, f2*9‘~2):| R
and
[ch(u): RFC<Y1, 971) — RFC(YQ, ?2):| ~ [ch(f*<u)) RPC(Xl, fl*.rfl) — RPC(XQ, fg*ffg):|

1.2.4. Twisting correspondences. We now discuss Galois twisting for analytic correspondences.
Notation 1.43. Fix 7 in I';. Then, for any rigid K-space X, we have a natural morphism
x: Xo~17"Xc — Xeo,
Remark 1.44. If f: Y — X is a morphism of rigid K-spaces, then fo o1y = 7x o fo.
Definition 1.45. For an analytic correspondence
cr X1t Xo 2 Xo,
and an element 7 of I';, we define the 7-twist of ¢ to be the correspondence

C1,00TX, c2 C
T . ’ 0 s
c: Xic Xo,c

Xo0

Notation 1.46. For a c-cohomological correspondence u: co1c}F; — F2 we obtain a c"-cohomological
correspondence u” using the obvious analogues of the identifications in (1.1.9).

Remark 1.47. Unraveling the definitions shows that
RT.(u") = 7 x RT (1), RT'(u™) = 7 x RI'(u),
where the right-hand sides have the same meaning as in Remark 1.20.

The following is an immediate corollary of Proposition 1.39 and Proposition 1.42, as twisting
morphisms commutes with pushforwards, pullbacks, and tensor products in the evident way.
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Proposition 1.48. Let f: d — c be a finite étale morphism of finite étale analytic correspondences,
and let T be an element of I';. For a d-cohomological correspondence v: dodiF1 — Fa there is an
identification of complexes

[RF(’UT): RF(YLC', 3:1,0) — RP(}/Q’C, ffgyc)

~ {Rr(f*(U)T): RI'(X1c, [isF10) = RF(XZC’JCZ*H:Q,C)}
and

)

|:RFC(UT): RT.(Yic,%1,c) = ch(Yz,a%,C)} ~ [ch(f*(U)T)I RT.(X1,c, fi«F1,0) = RT(Xoc, foxFa.0)

If, moreover, v ~ f*(u) for a c-cohomological correspondence wu: coc;F; — Fo then there are
further identifications

RF(UT) : RF(Ych EFl,C) — RF(Y27C7 ?2,0)

~ [RF(UT X f*(trd)'r): RF(XLc, fl*?l,C) — RF(XQ’C, f2*3'27c)],
and
[chof): RUW(YicFro) — RPC(YQ,C,%,C)} ~ [ch(m % fultra)"): RUo(X1c, fradrc) — RUo(Xoc, J‘é*’fz,c)].

1.2.5. Nearby cycle functors. We now recall the setup for nearby cycle functors in the formal
scheme setting, and their interaction with correspondences.

Notation 1.49. We abuse notation by using 1 and s to also denote the étale topoi of 1 and s,
respectively. These may be identified with the topoi of discrete sets with a continuous I'j-action
(resp. I's-action), whose covers are surjective maps of I';-sets (resp. I';-sets). We have a natural
map of topoi n — s corresponding to the reduction map 7.

Definition 1.50. Let X be a finite type flat formal Og-scheme. The Deligne topos is the fiber
product in the 2-category of topoi (see [Gir72, Proposition 3.4])

Xs Xgmi= %s,ét X1,
where X ¢, — s is the obvious map of topoi. We let px: Xs X3 — X be the natural projection.

Remark 1.51. We identify X x, 1 with the topos 7T, (X5) of sheaves on Xz with a continuous
action of the topological group I'y; see [HZ23, Definitions A.1.1 and A.1.2, and Lemma A.1.4|.
For an object G of D(Xs x5 1, A) we denote by Gz the induced object of D(Xz, A).

Remark 1.52. Under the identification of Remark 1.51, p%(JF) corresponds to F5 endowed with
the action of I';; obtained from the natural I';-action via r: I';, — I's. We often use p3 to regard
an object of D(X,, A) as an object of D(X, xsn,A) with this action.

Construction 1.53 ([Hub96, §3.5]). Let X be a finite type flat formal Ox-scheme. Then, there
is a morphism of topoi Ax: X ¢ — X, ¢ with corresponding morphism of sites sending an étale
morphism ), — X, to 9, — X;; with ) — X the unique étale deformation of s — X;.

Notation 1.54. The 2-functorial equivalence of étale topoi X¢; ~ X4 induces an equivalence
D(X,A) ~ D(Xs,A). For an object F of D(X,A) we denote by Fs its corresponding object in
D(X,,A), and we furthermore write F, := A%(J5).

Remark 1.55. If X = 2 for a separated finite type flat Og-scheme 27, and JF is a locally
constant constructible A-module on 2, then for the induced object F of D(X, A), we have an
identification F, = j3-F3", where J3" is the natural object of D(2;*", A) (see [Hub96, §3.8]),

and jg is the natural open embedding j”; = 2

Definition 1.56. We define the nearby cycles functor to be

RUx: D(X,,A) = D(X, X417, A)
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where Ux: X, ¢x — X5 X5 1 is obtained from the 2-commutative diagram

Ax
%n,ét > %s,ét

| |

n ——"— 5.
Notation 1.57. We write

e D.is(Xsxsm, A) for the subcategory of D(Xg x5, A) spanned by § with Gz in Deys(X5, A);
® D, a(Xy, A) for the category of Zariski-constructible sheaves with finite Tor-dimension.

We record the following omnibus result concerning the nearby cycles functor.

Proposition 1.58. The following statements are true.

(1) The nearby cycles functor commutes in a 2—functorial way with
e pushforward; see |HZ23, Lemma A.3.4|;
e ctale pullback;
e cxceptional pushforward on the category of finite Tor-dimension Zariski-constructible
sheaves; see [HZ23, Theorem A.3.9|;
e extension of ground field; see [HZ23, Theorem A.3.4].

(2) There is an identification RUx(F)z ~ R)\xoc*(f}%) in D(X5,\); see [HZ23, Lemma A.3.4].
(3) The functor R¥x maps D gd(Xy, A) to Deee(Xs xsm, A); see |[HZ23, Lemma A.3.4 (5)].

(4) Let Z be a flat separated finite type O -scheme. For G an object of D(Z, ), there is a
functorial identification

RV 4 (G) = R\Ilg?(jf'iggan),

where the left-hand side denotes the algebraic nearby cycles functor from [SGAT-2, Exposé
XIII); see |HZ23, Theorem A.4.4 and Remark B.1].

(5) For any locally constant constructible A-module F on X and any object G of D(X,, A),
there is a natural isomorphism

Fs ®p RU%(G) = RUx(F, @4 9);
see [Han23, Theorem 2.5].
(6) For X/O smooth and JF locally constant, there is a natural identification RV x(F,) ~ J.

Proof. It remains only to show (6). There is a natural identification JF,, = A%(F) = VL(9),
and thus, there is a natural unit map ¥, — RUxW3.F, = RUxTF,; we show that this is an
isomorphism. As this can be checked étale locally, we may assume that ¥ = M for a finite
A-module M. Now, it suffices to check that this unit map is an isomorphism on the stalks over
the algebraic closure x of a closed point of X (see the argument in the proof of [GL19, Proposition
2.2.3.2|). But, then we have an identification (RVx3,), ~ RI'(X(x)c, M). As X/O is smooth
we have X(x)c ~ D%, the d-dimensional open polydisk over C'. But, by our assumption on A,
one has that RI'(D, M) ~ M|[0] via the unit map, as desired. O

1.2.6. Nearby cycles, correspondences, and tubes. We now wish to compare cohomologies
of correspondences between the generic and special fibers of a formal scheme using nearby cycles.

Setup 1.59. Let ¢: X1 <= X9 —» X5 be a finite étale correspondence of finite type flat formal
Ox-schemes, and notate its special and generic fibers as follows:

Cg. .}:13 (_01_5 %03 —CES—> .}:23, Cni .}:177 (—01—7] %On —831) .}:277.
Furthermore, let w: 02,750’{,73"1 — JF2 be a c¢,-cohomological correspondence with J; an object of
D #ta(Xiy, A). Finally, let 7 be an element of Wx with v(r) =n > 0.
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Construction 1.60. Define the cgn)—cohomological correspondence RW¥(u") by the composite

e () RU(F1)s 5 comel sRU(T1)s > R (copch, T1)s s RU(Fo)s,

The first arrow uses Remark 1.26 and the 7-equivariant structure on nearby cycles; the second
uses compatibility with étale pullback and exceptional pushforward as in Proposition 1.58.

From Proposition 1.58 the following proposition is clear.

Proposition 1.61. There is an identification of complexes of A-modules between
[RFC(UT): ch(%lc, 9710) — RFC(%QC‘, 3'20)]
and
[RT.(RY(u")): RT (X135, RY(F1)s5) = R (X25, R¥(F2)3)].
Setup 1.62. We continue as in Setup 1.59, except we now require that X; = Xy and F; = Fs.
We denote these common objects by X and JF, respectively.
Definition 1.63. Fix a point y of Fix(cgn))(g). Set
T = (I)%LS (Cls(y)) = CQs(y)-
We may then restrict ¢ to get an analytic correspondence on the Berthelot tubes:

) Xelr) S 2oo(y) Y2 xo(a),

and we may restrict u” to a ¢”(y)-cohomological correspondence u” (y).

Proposition 1.64 (cf. [Hub96, Theorem 3.5.8] and [Far04, Théoréme 5.10.1|). There is an
identification of complexes of A-modules

RU(u7)): RU(F), — qu(?)m] ~ [RI‘(UT(y)): RD(Xo(x), Fc) — RU(Xo(x), Fe)|.

1.2.7. A rigid-analytic trace formula. We are now ready to state the aforementioned rigid-
analytic trace formula. We maintain the setup of Setup 1.62.

We first have the following general version of a rigid-analytic analogue of Theorem 1.27, which
follows immediately by combining Theorem 1.27, Proposition 1.61, and Proposition 1.64.

Proposition 1.65. There exists an m > 1 such that if ¢" > m then we have the equality

tr(rx RLc(m) = > tr(RO(W(y))).
yeFix(ci™) (k)
If cs admits a finite compactification ¢, then m may be taken to be the ramification index of Cas.

For the applications to Shimura varieties we specialize to an even finer situation.

Setup 1.66. We retain the setup from Setup 1.62 but with several changes:

(1) Assume that X is a smooth formal O g-scheme.
(2) Assume that the c,-cohomological correspondence is of the form w,, for a c-cohomological
correspondence u, for some locally constant A-module F on X.

Additionally, we let d: Yo = Y be a finite étale analytic correspondence, and f: d — ¢, a finite
étale morphism of analytic correspondences with f1 = fo. Finally:

(3) Assume that we have a d-cohomological correspondence v: doydiG — G, with a fixed
isomorphism v ~ f*(uy).

Remark 1.67. From Setup 1.66 we get a correspondence

d"(y): fo ' (Xoc(y)) = fi ' (Xe(2)),

with the d7 (y)-cohomological correspondence tryr(,). Evidently fi(trgr(y)) is equal to fi(tra)™(y).
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Proposition 1.68. There exists an m > 1 such that if ¢" > m then we have the equality
tr(r x RL@)= Y ((ug”>);) tr (RT(trge(y))) -
yeFix(cl™)
If ¢s is a finite compactification of cs, then m may be taken to be the ramification index of Cos.
Lemma 1.69. There is a canonical identification of complexes of A-modules between
R (] @ fultra)"): e (7)) RUx(F, © f.(A) » RUx(F, @ £.(A)]
and

[ugm © RUx(fu(tra)): com(el™)* (F, @p RUx(fo(A))) = Fs ® RUx( f*(A))} .

Proof. More precisely, we claim that the following diagram is commutative

c2s(e}")) (Fs @a RUx(fo(A))) —=— com(c}")) RUx(F, @4 fo(A)

S

u @R ( f*(trd)T)J JR‘I’(UZ—;@f*(trd)T)
Fs @a RUz(fu(A)) S » RU(F, @ f:(A)),
where the horizontal isomorphisms are as in (5) of Proposition 1.58. This follows from the
naturality of the isomorphism in loc. cit. O

Proof of Proposition 1.68. By Proposition 1.48 the left-hand side is equal to tr (RTc(u;, @ fi(trg)™)).
But, by Proposition 1.61 this is equal to tr (RFC(R\I/x(u; ® f*(trd)f)). By Lemma 1.69 this is,

in turn, equal to tr (RFC (uﬁ”) ® RUx(f, (trd)7)>). If ¢" > m then by Theorem 1.27 this then
is equal to the following sum

4|
> (e Ru( ) )
yeFix(c{™) (k)

But,
_|

(0 REx(£(tra)7)) = () (RO (.(0ra)),)

and so this term is equal to

> (@)y)) o (REx(f(ra))),
yeFix(el") (k)
But, by Proposition 1.64 we have that

tr (RWx(f(tra)")), = tr (RT(fultra)™(y))) = tr (RT(fu(trar(y)) -
We are then done by Proposition 1.42 which implies this last term is equal to tr (RT(trdT(y))). U

2. (9, 4)-APERTURES AND CRYSTALLINE THEORY

Key to having a robust generalization of the deformation spaces from [Sch13b], especially
with no restrictions on the unramified group involved, is the recently developed theory of (G, u)-
apertures as in [Dri24, GM26|. In this section we very briefly recall the theory of (G, u)-apertures,
compare this theory to F-crystals with G structure, and describe their deformation theory.

Remark 2.1. We will take for granted that the reader is familiar with the basic setup of the
stacks X , XV, X" and the associated notions of prismatic F-crystals and prismatic F-gauges;
we refer the interested reader to [MY26, §2-3|, and the references therein, for further details. We
will furthermore be using the theory of filtered torsors freely throughout; see §2.A below for a
quick overview of the theory.

Notation 2.2. We fix the following notation:
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e k is a perfect extension of Fp; e g is the Lie algebra of G;

o W = W (k) is the ring of Witt vectors; e (G is the generic fiber of G;

e o is the natural Frobenius lift on W, e 11: G, w — Gw is a minuscule cocharacter;

o K =WI[/|, e 07(p) is the cocharacter of G obtained as (07)* i
e G is a reductive group Z,-scheme; using the identification (07)*Gy ~ Gy .8

for the parabolic subgroup associated to u; see [Conl4, Theorem 4.1.7]. We refer the reader to
Remark 2.A.25 for our sign conventions (e.g., 4 vs. u~!) and how they compare to other sources.

2.1. Definition and general theory. We first recall the feature of X" that will allow us to
formulate the correct analogue of being of ‘relative position u’ from the theory of shtukas.

Definition 2.3. Let X be a derived p-adic formal scheme. The mod p™ filtered de Rham point
:Effﬁl’n: (X@%Z/p") x Al/G,, — XY QL Z/p,

is obtained as the composition of the map 2y : X x Al/G,, — XV from [GM26, §6.7] and the
projection map X~ — X", When n = oo we omit n from the notation/terminology.

Definition 2.4. Let X be a derived p-adic formal scheme and n in N U {oco}.
(1) For a §-bundle 9 on X%" @ Z/p" we define the Hodge-filtered de Rham realization,
denoted Filfq, Tar(Q), to be the filtered -bundle on X ®" Z/p™ given by (23, )*Q.
(2) A G-bundle 9 on X" @ Z/p" is of type p if Filfy, Tar(Q) is of type p.
(3) An n-truncated (G, p)-aperture on X (or just a (9, p)-aperture if n = 00) is a §-bundle Q
on X" @Y Z/p" of type p.
The oo-groupoid of n-truncated (G, p)-apertures Q over X is denoted by BT9#(X).

Remark 2.5. When n < oo, the stack X ®" Z/p™ need not be classical and so we are implicitly
using Remark 2.A.23 in the above definition. But, one can avoid all derived geometry using
[GM26, Proposition 5.5.2] which implies that Q is of type  if and only if Filfjq, Tar (Q)x is of
type u for every geometric point Spec(k) — X (or even just one if X is connected).

Remark 2.6 (Independence of topology). Suppose that R is a W-algebra complete with respect
to the J-adic topology for some ideal J C R such that p* is in J for some k, i.e., such that we
have a (necessarily unique) map Spf(R,J) — Spf(Z,). Then, there is potential ambiguity about
the notation BT9#(R): Do we mean maps Spf(R,.J) — BT%* or maps Spf(R, (p)) — BT9>®?
But, this ambiguity is illusory by the integrability of each BTY*# (i.c., condition (3) in [Lur04,
Theorem 7.1.6|) for finite n. Indeed, for finite n this integrability gives natural equivalences

BT (Spf(R, (p))) = lim BT ( Spec(R/p"))
k
— i i BTSA (Spec(R/ (', 7))
Tk

= BT*(Spf(R, J)),

from which the same equality follows for n = oo by passing to the limit. Thus, for an adic
W-algebra R we may unambiguously write BTZ#(R).

Concerning the geometry of BT%“, we have the following omnibus theorem of Gardner—
Madapusi. In particular, it shows that the derived prestack BT%“ is 1-truncated on discrete

inputs, i.e., is just a usual stack.

Theorem 2.7 (|[GM26, Theorems D and G|). Fiz n in NU {oo}.

8For example, one has a(w)(p) = o(u(p))-
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(1) If n is finite, the derived prestack BT,%’“ is a quasi-compact smooth p-adic formal Artin

stack over Spf(W) of dimension 0 with affine diagonal.

(2) If n is finite, the natural truncation map BTg’fl — BTY# is smooth and surjective.

(3) [Grothendieck—Messing theory| For (R’ — R,~) a (pro-nilpotent) divided power thickening
of p-complete animated W -algebras, there is a Cartesian diagram of groupoids

BT*(R) » BP,(R'/"p")

l J (2.1.1)

BT (R) —— BS(R'/*p") X pg(ryr pr) BEu(R/" p").

Remark 2.8. For the convenience of the reader, we explicate some of the maps appearing in the
statement of Grothendieck—Messing theory:

e The natural morphism BT#(R) — BP,(R/"p") is the one classifying the Hodge-filtered
de Rham realization using the equivalence from Proposition 2.A.22.
e The map BTJ#(R) — BG(R'/*p") is given by pullback along the map Spec(R') — R%™
described in [GM26, §6.8].
We now discuss the important fact that (G, u)-apertures on X give rise to local systems on the
generic fiber X,,. We then use this to define an algebraization of BT# (for n finite).

Notation 2.9. For 1 < n < oo we denote by BG(Z/p™) (or BG(Z,,) when n = 0o) the classifying
stack for the (pro)-finite group G(Z/p™) on the pro-étale site of a (formal) scheme or adic space.

Remark 2.10. When § = GL, z, one has that BS(Z/p") is the moduli stack of Z/p"-local
systems of rank n. More generally, using the material from §2.A one may interpret BG(Z/p™)(X)
as the category of G-objects Repzp(S) — Loczpn (X) of the category Locz,n(X) of Z/p"-local
systems on X; see [[KY24b, Proposition 2.3 and Remark 2.8|.

Notation 2.11. For a p-adic formal W-scheme X and an integer 1 < n < 0o, we denote by
Te: BT (X) = BS(Z/p")(Xy), (2.1.2)
the étale realization functor as in [MY26, §3.8].
We then obtain an algebraization of BT9# by gluing it to BG(Z/p").
Definition 2.12 (see [MY26, Construction 4.1.1]). For an animated W-scheme Y, we define

BT{#8(Y) = BS(Z/p")(Ya) X pg(z/pmy(5,) BT (V),

where the left-structure map is via pullback and the right-structure map is Tg.

Remark 2.13. The notion of gluing here is meant roughly in the Beauville-Laszlo sense as in
[AY26]. That said, op. cit. applies only to separated algebraic spaces, and it would be interesting
to see a generalization applied to more directly provide algebraic structure on BT%“’alg.

We then have the following omnibus result.

Theorem 2.14 ([MY26, Theorem 4.1.3. and Lemma 4.1.10]). Fiz n in NU {oo}.

(1) If n is finite, the prestack BTS2 is a quasi-compact smooth Artin stack over Spec(W)
of dimension 0 with affine diagonal.

(2) For finite n, the natural map BTgfflg — BTYH3l8 45 smooth and surjective.

(3) [Grothendieck—Messing theory| For (R" — R,~) a (pro-nilpotent) divided power thickening
of animated W -algebras, there is a Cartesian diagram of groupoids

BT} 28 (R) BP,(R'/*p")

l l (2.1.3)

BTg,p,alg(R) — BS(R'/*p") X BG(R/L p) BP,(R/"p"™).
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Remark 2.15. Suppose that R is a p-completed W-algebra and that 1 < n < oo. Then, we can
consider BT #218(R) := BTJ#28(Spec(R)) or BTY*(R) = BT9#(Spf(R)). These are, in fact,
the same. Indeed, by definition we have an identification of groupoids

BT "¢(R) = BS(Z/p")(Spec(R[/p])) X Bg(z/pm)(spa(ri/sl) BTa" (R)-
Thus, the claim will follow if we know that the natural map

BS(Z/p")(Spec(R[Yr])) = BS(Z/p")(Spa(R[Y/2])),
is an equivalence. But, using the Tannakian perspective on G(Z/p™)-local systems, and working
component-by-component, we are reduced to knowing that 7¢*(Spa(R[/p])) — 75 (Spec(R[Y/p]))
is an isomorphism. But, this result is standard, e.g., see [Hub96, Example 1.6.6].

2.2. (G, n)-apertures and F-crystals. We now explain that over nice characteristic p schemes,
the theory of (G, u)-apertures coincides with the more classical (Tannakian) theory of F-crystals.

Notation 2.16. We continue with the notation from Notation 2.2, but further assume p > 2
and fix S to be a regular quasi-compact k-scheme.? As S is regular and quasi-compact, there
exists a flat (in fact quasi-syntomic) cover Spec(R) — S with R perfect, which we fix.1

Notation 2.17. Write Sgys for the absolute (big fppf) crystalline site of S, endowed with the
usual structure sheaf, and Fg for the Frobenius endomorphism on the associated ringed topos.

Remark 2.18. For other notation and terminology concerning this site and its attendant objects
(e.g., (iso)crystals) see [IKY24b, §2.3.1]. In particular, we shall often heavily abbreviate notation
for objects of Scrys when the meaning is unambiguous. For example, for the object of Spec(k)crys

that would precisely be written as the diagram W (k) — k &Mk we may just write W (k).
Moreover, for any object T of S¢.ys, and a sheaf F on Sc,ys, we shall write F7 for the restriction
of J to the Zariski site of T' considered as a subsite of S¢;ys in the obvious way.

2.2.1. F-crystals with G-structure of type p. We begin by describing the crystalline objects
that we shall ultimately show recover the theory of (G, u)-apertures.

Definition 2.19. An F-crystal (in vector bundles) on S is a pair (€, ¢) where € is a locally
finite free crystal on S and ¢ is an isomorphism of isocrystals

p: FSE[Yp] = E[Ya].
With the obvious notion of morphism, we denote by FCrys(S) the category of F-crystals on S.

Observation 2.20. Evidently the category FCrys(S) carries the natural structure of an exact
Z,-linear ®-category in the sense of [IK'Y24b, Appendix A|, and thus it makes sense to consider
the category FCrysg(S) of F-crystals on S with G-structure as in loc. cit. Such objects are of
the form (Q,¢) where Q is a G-torsor on Serys and ¢: FEQ[1/p] = Q[1/p] is an isomorphism.

Remark 2.21. There is a bi-exact Z,-linear ®-equivalence
(—)Y®: Vect?(S ) = FCrys(S)
where the source is the category of prismatic F-crystals on .S, even if S is just quasi-syntomic;

see [IKY25, §1.1.1]. We denote the natural quasi-inverse of this equivalence by (—) .
In fact, one can understand this equivalence as coming from an isomorphism of stacks over W:

(S/W)s ~ o, (S ); (2.2.1)

see [IKY25, Lemma 1.6] for this fact and the meaning of this notation. That said, ultimately
this equivalence can be understood from something quite simple: qrsp objects Spec(T') form a
basis of Sgsyn, and Acrys(T) is both an initial object of T and Teyrys.

As this equivalence is Z,-linear, monoidal, and exact, we deduce an equivalence of associ-
ated Tannakian categories, i.e., (—)®Y: Tors{(S ) ~ FCrysg(S) with quasi-inverse (—) ; see

9n what follows, the quasi-compactness is easily removed, but the regularity is essential (see Remark 2.27).
101, fact, they are equivalent conditions; see [Kun69, Theorem 2.1].
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[IKY24b, Definition 1.28| for the source category. We shall often abusively use this equivalence
below without comment when emphasizing it is not important.

The following proposition establishes that, under the equivalence Tors‘g(S ) ~ FCrysg(S)
from Remark 2.21, various notions of ‘bounded by v’ coincide, at least up to Frobenius twist.

Proposition 2.22. Let (Q,p) be an object of FCrysg(S), and let Spec(R) — S be a flat cover
where R is perfect. Then, the following are equivalent for a minuscule cocharacter v:

(1) For every geometric point Spec(k) — S there exists a trivialization of Qlyy () which
transports the Frobenius ¢|y (x) to an element of G(W (k))v(p)S(W (k)).
(2) There exists an étale cover R — R’ and a trivialization of Qlyy gy which transports the
Frobenius ¢|yw (g to an element of S(W (R'))v(p)G(W (R')).
(3) There exists a p-adically flat cover (W(R), (p)) = (A, (p)) in S such that Q |gpec(a) ad-
mits a trivialization which transports the Frobenius | A to an element of G(A)o =1 (v)(p)G(A).
Assume further that S is a smooth k-scheme. Then, the above are equivalent to:

(4) For every étale cover of S of the form X) — S where X' /W is a smooth formal scheme
equipped with a Frobenius lift Fyr, there exists an étale cover Spf(A) = X" — X' such that
Qxn has a trivialization which transports the Frobenius ¢ to an element of G(A)v(p)S(A).

Proof. For (1) implies (2), observe that there exists some étale cover R — R’ such that Qgpec(w (r/))
is trivializable.!! Choosing a trivialization Qspec(w (rr)) == 9 allows one to view ¢ as giving a map
Spec(R') — Grg, where the target is the Witt vector affine Grassmannian as in [Zhul7, §1]. But,
as Grg, = Grg <, (see [Zhul7, Corollary 1.24]), we see that (1) implies that the composition
Spec(k) — Spec(R') — Grg factorizes through Grg, for all geometric points x of R'. As Grg, is
a closed subfunctor and Spec(R') is reduced, we deduce that Spec(R') — Grg factorizes through
Grg,,. By definition, this implies that after replacing R’ with a further étale cover R”, under the
chosen trivializations the Frobenius defines an element of (W (R"))v(p)G(W (R")).

That (2) implies (3) is simple: Indeed, with notation as in (2), (W(R), (p)) — (W(R'), (p)) is
a p-adically faithfully flat cover in S . The introduction of the inverse Frobenius twist comes
from the Frobenius twist in the equivalence in Equation (2.2.1).

For (3) implies (1), first assume that Spec(x) — S factorizes through Spec(A/p) — S. By the
universal property of the Witt vectors we have a map of prisms (4, (p)) = (W(k), (p)) and thus
the coset condition on Frobenius holds for W (k) as desired. In general, there is an extension of
algebraically closed fields x'/k, such that Spec(x’) — Spec(k) — S does lift to Spec(A/p). By
the same argument in the first paragraph, we may define a map Spec(x) — Grg and, as the claim
in (1) holds for x/, we deduce that the composition Spec(x’) — Spec(k) — Grg factors through
Grg,, and thus so must also the map Spec(x) — Grg implying the claim.

Finally, to see that the statements (2) and (4) are equivalent one may apply mutatis mutandis
the argument given in [IKY24b, Proposition 3.17]. O

With this we can, unambiguously relative to our various identifications of categories, define
when an object of FCrysg () is ‘bounded by v'.

Definition 2.23. An object Q of FCrysg(S) satisfying any of the conditions from Proposition
2.22 is called of type v. We denote by FCrysg(S) the full subcategory of such objects.
2.2.2. The crystalline-aperture equivalence. We can now precisely describe our claim that

(G, u)-gauges on S are the same as objects of FCrysg(“)(S); the twist on the cocharacter here is
(ultimately) a consequence of the twist in (2.2.1); cf. [IKY25, Proposition 1.1].

Construction 2.24. In [[KY24a, Construction 1.21] there is constructed a functor
Ryx: BT9#(X) — Tors{" (X ),
Hipdeed, this follows as § is smooth and affine as H} (Spec(R),§) ~ Hj(Spec(R),S) ~ HA(Spec(W (R)), 9)

for any perfect R; e.g., see [BC22, Theorem 2.1.6].
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called the restriction functor, for any quasi-syntomic p-adic formal scheme X, with the target the
category of prismatic G-torsors with F-structure bounded by p as in op. cit.

Remark 2.25. If X is now our regular k-scheme S, then from Proposition 2.22 we know that the
equivalence from Remark 2.21 restricts to an equivalence Torsg* (S ) ~ FCrysg(“)(S ). Thus,
we obtain

Rs: BT%/(S) — FCrysg " (S),

which we have notated abusively, and which we also call the restriction functor.

Proposition 2.26. Suppose that S is a reqular k-scheme. Then, the restriction functor
Rs: BT%(S) — FCrysg ) (S),

1 a natural equivalence.

Proof. This follows from [IKY24a, Proposition 1.39]: the proof of (2) in loc. cit. only requires
the existence of a quasi-syntomic cover by a perfectoid. O

Remark 2.27 (Why regular?). Proposition 2.26 really requires that S is regular. For general

quasi-syntomic k-schemes S one still has an equivalence Torsg™ (S ) ~ FCrysg(” )(S) (see
[IKY25, §1.1.1]), and the restriction functor Rg is fully faithful (see [IK'Y24a, Proposition 1.39]),
but it can fail to be essentially surjective.

2.2.3. A crystalline description of the Hodge-filtered de Rham realization. It will be
useful below to understand how to describe the Hodge-filtered §-bundle Filf;, Tar (Q) associated
to a (G, u)-aperture Q on S in terms of the equivalence from 2.26, at least when S is ‘nice’.

Definition 2.28. Let A be a k-algebra with Spec(A) connected. We call A a base k-algebra if A
is J-adically complete for an ideal J4 C A such that the pair (A, Ja) = (Ay, I),) is obtained
from the following iterative procedure. For some d > 0, set

Ag =Tap = k[t5h ..., 631, Io=(0).
For each i = 0,...,n — 1, form the pair (A;4+1, [;i+1) by one of the following operations:
e A1 is an étale A;-algebra and I = [; Aj41;
e A,y is a localization (A;), at a prime p C A; and Iy = I; Ajt1;
e A,y is the I-adic completion of A; for an ideal I C A; and I;41 = (I;, 1) Aiy1.

A base k-scheme is a k-scheme which admits an affine open cover by spectra of base k-algebras.

Example 2.29. The two most natural examples of base k-schemes are:

e smooth k-schemes;
e the k-scheme Spec(k[ty, ..., t4]) for some d > 0.

Definition 2.30. Suppose that A is a base k-algebra. If J4 is an ideal arising from a presentation,
then a J-formally étale map w: Ty, — A is called a formal framing of A.

Remark 2.31. In the following we shall freely use the notions of base W -algebras, base formal
W -schemes, and formal framings as in [IKY24b, §1.1.5]; these are straightforward analogues of
Definition 2.28 in the formal scheme setting where we use the model object Ty = W(tfl, e ,tjl>.

We always regard a base W-algebra as being equipped with its p-adic topology. For a formal
framing w we write ¢,, for the associated Frobenius lift as in loc. cit.

Remark 2.32. We make some simple remarks here concerning base k-schemes that we use in
the sequel without comment:

e Reduction modulo p carries base formal W-schemes to base k-schemes. N
o Ifw: Ty, — Ais aframing, then there exists a framed base formal W-algebra w: Tg — A
with reduction w. In particular, every base k-scheme is Zariski locally the special fiber of
a base formal W-scheme.
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e A base k-scheme is regular, excellent, and has a finite p-basis; this follows from the last
bullet and [IKY24b, Proposition 1.12].

Construction 2.33 (cf. [Ogu23]). Suppose that S is a base k-scheme and (€, ) an F-crystal
on S. We will describe the construction of a filtration Fily;no €s in two steps.

Step 1: Assume that (&, ) is an F-crystal on S = X where X is a base formal W-scheme
equipped with a framing w. The choice of w gives the Frobenius lift ¢,, and thus allows one to
endow €y with an isomorphism ¢: ¢ Ex[l/p] — Ex[V/p]. Let us define the Nygaard filtration

FilNyg ¢0,€x = {2 € ¢,€x 1 p(x) € p"Ex}.
We then define the Mazur-Nygaard filtration on F&€g as follows:
Filjy F§€s = im (Fily,, ¢5,Ex = F5s) .

It is then not hard to show (the argument of [Kat19, Lemma 2.6] works mutatis mutandis) that
Fil}y F&€s is independent of the choice of X and w and commutes with étale localization. Thus,
it canonically glues to a filtration Fil};y F§€g on F§Eg for general base k-schemes S.

Step 2: Continue with notation as in Step 1. As Fglg = Fb’i/kﬁs(l), where Fgy;, is the relative

Frobenius and S(!) the Frobenius twist, it naturally carries the usual Cartier connection
Veare: F§€s = F§€s ®og Vg,

given in local coordinates by sending a ® v in Fg€s to da ® v, which has p-curvature 0.

A simple calculation (e.g., using a framed base formal W-scheme lift X) shows that the
Mazur-Nygaard filtration Filj;y F§€g is stable under V.. Thus, by Cartier descent (see [Kat70,
Theorem 5.1] and [dJ95, §2.5.2|), it comes from a unique filtration Fil};ng € gy, which we call
the Mazur-Nygaard-Ogus filtration. As the map S() — S is an isomorphism, we deduce the
existence of a unique filtration Fil} o €s which we also call the Mazur-Nygaard-Ogus filtration.
It can be easily shown that the Mazur-Nygaard—-Ogus filtration commutes with étale base change.

As can be deduced mutatis mutandis from [Kat19, Proposition 3.11], one can give a more
concrete local description of the Mazur-Nygaard—Ogus filtration. Namely, suppose that S = Xj,
for a base formal W-scheme X with framing w. Then, one has that

Fillno €5 = im({x €éx:p(l®z)epéx} — 85>, (2.2.2)

where 1 ® = denotes the image of x under the natural map €x — ¢}, Cx.

We now observe that the Mazur—-Nygaard and Mazur—Nygaard—Ogus filtrations admit natural
Tannakian analogues.

Proposition 2.34. Suppose that S is a base k-scheme, and let (Q, @) be an object ofFCrysg(“)(S).
Then, the assignments

Filfyy F§wols: Repy, () — FilVect(S), A~ Filf;y F504",

and
Filfvo wols: Repz (9) — FilVect(S), A Filfyo 24"

are objects of S—FilVect“(“)(S) and G-FilVect"(S), respectively.

Proof. Being a G-object of the appropriate type is an étale local property. Thus, we are free
by Proposition 2.22 to assume that S = Spf(A)j for some base formal W-scheme X = Spf(A)
equipped with a framing w, and that ¢ is in the double coset G(A)o()(p)S(A). Given this, it is
trivial to check that Fil};y F&wgls ~ Fil;( ) Gs and Fil}yno wols Fil}, Gs. O

Definition 2.35. Suppose that S is a base k-scheme and let (Q, ¢) be an object of FCrysg(“)(S).
Then, we define the Mazur-Nygaard-Ogus filtration Filjjno Qs on Qg to be the object of
FilTorsg(S) corresponding to Filjjyo wels under Proposition 2.A.15.
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We then have the following purely crystal-theoretic description of the Hodge-filtered de Rham
realization Filfy, Tar(Q) of a (3, u)-aperture.

Proposition 2.36. Suppose that S is a base k-scheme, and let Q be a (G, p)-aperture on S and
set (Q,¢) = Rs(Q). Then, there is a natural identification of objects of FilTorsg(S):

Proof. Let us first observe that there is a natural identification Tgr () = Qg. This is a crystalline-
de Rham comparison and follows mutatis mutandis from the proof of [IKY25, Theorem 1.19].
Thus, it suffices to show that under this comparison the two filtrations are equal. This can be
shown representation-by-representation and so fix such a representation A and write (&, ¢) for
the evaluation of (Q, ) at A.

As Fg is faithfully flat (as S is regular), it suffices to show that

FEFilyno &5 = Filyy Fi&s = F2Filfy, Tar(Q).

Finally, as the above comparison is natural in S, it suffices to étale localize and thus to assume
that S = X}, for X = Spf(A) a base formal W-scheme with framing w.

Now, étale localizing further, we may choose a Frobenius-equivariant embedding A — W (R);
see [IKY24b, p. 12|. We then see by the crystal property that

On the other hand, it follows from [GL23, Claim 3.40] (which is applicable here given the
equivalence in [IKY?24a, Proposition 1.39]) that the pullback Qpx of Q along R — R%™ may
be understood as the filtered W (R)-module corresponding to the saturated Nygaard filtration.
From this, one deduces that

= 1m<{x S @b%(R)EW(R) : (p(l‘) S pTEW(R)) — 8R>.
Thus,
F§ Filyno €s = Fg Filjy, Tar(Q)
after base change along the faithfully flat cover Spec(R) — S. The conclusion follows. O

2.2.4. G-connections and quadruples. In this section we would like to recall a concrete

description of objects FCrysg(“ )(S ) in terms of certain quadruples of data depending on the

choice of a base formal W-scheme X with special fiber S.

Notation 2.37. Throughout this subsubsection, X is a base formal W-scheme with X; = 5. We
moreover fix a framing w of X.

To describe these quadruples, it is helpful to first recall the basic theory of G-connections; see
[Wak23, Appendix A] for more details.

Definition 2.38. Let () be a G-bundle on X. We then define the Atiyah bundle to be

Aty (Q) = (£ Tgw)?,

where f: @ — X is the structure map, and Ty is the tangent bundle of the map of formal
schemes Q — Spf(W). The Atiyah sequence is then defined to be

where ad(Q) is the adjoint bundle Q) the first map is the natural one, and the second map is
given by the differential of f.
29



Definition 2.39. Let notation be as in Definition 2.38. A G-connection on () is then a section
Vi Ty yw — Atxyw(Q) of (2.2.3). We denote the set of G-connections on @ by §-Conn(Q).

Observe that Aty (Q) and Ty both carry natural Lie brackets. We call a §-connection V
integrable if it is a map of Lie algebras. We call V topologically quasi-nilpotent if the induced
connection on Q@) (see Remark 2.41 below) is topologically (for the p-adic topology) quasi-
nilpotent for every A in Repz, (9).

Example 2.40. If G denotes the trivial G-torsor on X, then one has a natural identification

Aty yw(9) =~ Txyw @ (8 ®z, Ox).

From this one obtains a natural identification
§-Conn(§) ~ g @z, L/, (2.2.4)
where if v is an element of g ® Q%E Jw we obtain the §-connection

Vi Ty — Atg/s(9) = Txyw © (9 ®z, Ox), D — (D,v(D)).

As per usual, V,, is integrable if and only if v satisfies the Maurer—Cartan equation %[1/, v] = —dv.

For a representation p: § — GL(A), the induced connection is d + dp(v). Writing v = ), A; d;,
the connection V,, is topologically quasi-nilpotent if and only if, for every p, every local section v
of A®z, Ox, and every i, one has the following limit in the p-adic topology:

lim [( a‘; —i—dp(Ai))S (v)} ~0.

Remark 2.41. Let us spell out the precise relationship between Example 2.40 when § =
GL(A) and usual connections on A ® Ox. Namely, in this case we see that if A belongs to
gl(A) ®z, Q%E/W = Endz, (A) ® Q%e/W then we have the actual connection

Va:Az,0x - A®z, Qiﬁ/W? s+ ds+ As

where As has the obvious meaning, e.g., if A =T ® ¢ for T in Endz,(A) and ¢ in Q§/W, and
s=A® ffor Ain A and f in Ox, then As = T(\) ® fe in A®z, Q;/W. In particular, choosing
a basis of A identifies A with a matrix of differential 1-forms on X/W.

The reason that G-connections are desirable is a Tannakian version of the well-known description
of crystals on S as modules with integrable connection. To state this, we set the following notation.

Notation 2.42. We denote by Torsg’v (X) the category of triples (Q, ¢, V) where @ is a G-torsor
on X, V is an integrable and topologically quasi-nilpotent G-connection, and ¢: ¢} Q[/p] — Q[/p]
is a V-horizontal quasi-isogeny of G-torsors on X.2

The following proposition is proved, mutatis mutandis, from the classical case of vector bundles;
see |[Wak23, Proposition A.6.2].

Proposition 2.43. There is a natural equivalence
FCrysq(5) = Torsg’v(.’{), Q — (Qx, %9, Va).
Remark 2.44. Let us say that a connection on an object
w: Repz, (§) — Vect(X)
of G-Vect(X) is a connection for each representation A of §
V(A): w(A) = w(A) @0, Ve

compatible in A in the obvious way. We say that V = (V(A)) is integrable or topologically
quasi-nilpotent if V(A) is for each A.

12Technically this category depends on the choice of formal framing w, but we suppress this from the notation.
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It is evident that if @ is a § torsor on X and wq is its associated G-object as in Proposition
2.A.7, giving a connection on @ is equivalent to giving a connection on wg, and moreover that
the notions of integrability and topological quasi-nilpotence match.

We now define the aforementioned quadruples which will give a concrete description of an
object of FCrysg(“ )(S ). To do this, we fix some auxiliary data.

Notation 2.45. We fix a tensor package for §: a Z,-module A and a finite set of tensors
{8a,0} € A® such that § = Fix({sa,0}). See [IKY24b, Appendix A] for this notion, the notation
we’ve used here, and the existence of tensor packages.

Definition 2.46. Consider quadruples (M,V,cp, {sa}) where:

e M is a vector bundle on X;
e ¢ is an isomorphism ¢: ¢ M[1/p] — M[l/p| satisfying condition (1) from Proposition
2.22 for v = o(p);
o V.M ->M® Q%E W is a topologically quasi-nilpotent integrable connection;
o {50} C M® is a set of tensors;
subject to the conditions:

(1) ¢ and {s,} are V-horizontal;

(2) the tensors {s,} are p-fixed;!?

(3) and there exists an étale cover X’ — X and an isomorphism My — A ® Oy carrying
the tensors {s,} to the tensors {sq0 ® 1}.

With the obvious notion of morphism, such quadruples form a category Quad’é (3€).14

The following follows easily from Proposition 2.43 and Remark 2.44.
Proposition 2.47. There is a natural equivalence
FCrysg(”)(S) — Quadj(X).

2.2.5. The case of finite fields. Because it will play such a prominent role below, we now
specially analyze the case of (G, )-apertures over finite fields, giving a simple group-theoretic
description of this groupoid.

Notation 2.48. Assume that k is finite, and write:
e r=1k:F)]=[K:Q)and ¢ = [k] =p"; B
e k; for the degree-j extension of k in k, for 1 < j < oo, and koo = k;
o W; =W(kj) and K; = W;[1/p], for 1 < j < o0;
e and o for the p-Frobenius lift on W;.

Setup 2.49. Using Propositions 2.26 and 2.43, we see that there are natural equivalences
BTS#(k;) ~ FCrysg " (k;) = Torsg "™ (W),
where this last category denotes the category of pairs (Q, ) where @ is a G-torsor on W; and
w: 0*Q[Y/p] — Q['/p] is an isomorphism satisfying (4) of Proposition 2.22.
We denote by Torsg’g(“ )’nem(Wj) the full subcategory of Torsg’a(“ )(Wj) consisting of those
objects (Q, ¢) with @ = G. We denote by BT (k) and FCrysg(”)’neUt(kj) the essential
preimages of Torsg’g(“)’neut(Wj) in BT2¢(k;) and FCrysg(”)(kj), respectively. We call these

the neutral subcategories of their respective ambient categories.

Observation 2.50. All G-torsors on W; are trivial by combining Footnote 11 with [Lan56].
Thus, the inclusion of each neutral subcategory into its ambient category is an equivalence.

L3More precisely, the map on tensor constructions induced by ¢ carries so ® 1 to sq, where so ® 1 is viewed in
(¢ M[V/6])®.
14Again we are suppressing the dependence on w from the notation.
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Notation 2.51. Define the action groupoid
C;(9) = [G(K;)/aa,S(W;)]
where we have the action
Ady: G(K;) x (W) — G(K;), (b,¢) — cbo(c) L.
We denote by
Cj(9) =m0 (€;(9)) and (=): G(K;) = C;5(9),
the set of isomorphism classes and the natural map taking b to its isomorphism class (b). Write
Ci(S,0(n)) = (SWj)o(u)(p)S(W;)) < C5(9),
and denote by €;(9,0(un)) the associated full subgroupoid of €;(9).

We can then give the following group-theoretic classification of Bngf‘(k‘j).

Proposition 2.52. The process above defines equivalences of groupoids
BT (kj) = BT2 " (k;) = €;(G, (1)) = €;(9),
and thus a bijection

mo (BT (k) = C(9.0(n)).

Proof. 1t suffices to prove the second claim. By definition, the image of (BT&“(kj)) in C;(9) is
the image in C}(§) of G(K;)NG(W (k))o (1) (p)S(W (k)), where this intersection is taken inside of
G(W (K)[Y/p]). But, this is S(W;)o (1) (p)G(W;): apply flat descent for Grg ,(,y from [Zhul7]. O

2.3. (G, u)-apertures and filtered F-crystals. We now give a mixed characteristic version
of Proposition 2.26 for base formal W-schemes as in Remark 2.31. The key difference is that
instead of plain F-crystals with G-structure, we will use filtered F-crystals with G-structure.

Notation 2.53. Return to Notation 2.2, and fix a base formal W-scheme X.

2.3.1. Various categories of filtered F-crystals with G-structure. We begin by describing
the type of filtered F-crystals with G-structure appearing in our comparison to (G, u)-apertures.

Definition 2.54 (see [IKY25, §2.1]). The category FFCrys(X) of filtered F-crystals on X is
the category of triples (€, ¢, Fil® ) where (&, ) is an object of FCrys(Xy) and Fil* € C Ex is a
decreasing, separated, and exhaustive filtration satisfying the following conditions:
e Fil® € satisfies Griffiths transversality with respect to the natural connection Ve on &x;'°
e Fil* € is locally split.'6

In practice that category of filtered F-crystals will not be sufficient for our comparison to
(G, u)-apertures, and we will need the following condition similar to that which appears in
Fontaine-Laffaille theory; cf. [Fal89].

Definition 2.55 (see [IKY25, §2.1.4]). A filtered F-crystal (€, ¢, Fil® €) is strongly divisible if
for any affine open Spf(R) C X and any formal framing w of R one has that

v (Zp%;; Fil” 8<R>> = Ex(R).

reZ

Of course, we are interested in Tannakian versions of the above categories.

Definition 2.56. The category FFCrys(X) naturally carries the structure of an exact Z,-linear
®-category as in [IKY25, §2.1.1-2.1.2]. We then write FFCrysg(X) for its category of G-objects,

and FFCryssgd(.'{) for the full subcategory of FFCrysg(X) taking values in FFCrys™(X%).

15Recall that this means that Ve (Fil' €) C Fil' ™ € @0, Q% /w-
16Recall that this means that the graded pieces Gr'Fil*€ are vector bundles on X for all i.
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We will often switch between the literal interpretation of objects of FFCrysg(X) as exact
Z,-linear @-functors w: Repz, (§) — FFCrys(X) and the following more intrinsic definition.

Remark 2.57. Using Propositions 2.A.7 and 2.A.15, the category FFCrysg(X) is naturally
equivalent to the category of triples (Q, p, Fil® Qx) where (Q, ¢) is an object of FCrysg(X},) and
Fil® Qg is a locally split filtration on Qg satisfying Griffiths transversality on each representation.

We next impose the necessary type-u condition on our filtered F-crystals with G-structure.

Definition 2.58. An object (Q, ¢, Fil®* Qx) of FFCrysg(X) is of type p if Fil* Qy is. We denote
by FFCrysg(X) and FFCrysSSd’” (%) the full subcategories spanned by objects of type p.

Remark 2.59. By Proposition 2.A.22 we have a natural functor
FFCrysg(%) — BP,(%), (Q, ¢, Fil®* Qx) — Fil® Q.

We observe that there is an apparent mismatch between two notions of ‘type u’: As the type
p-condition on (Q, ¢, Fil®* Qy) is only about the filtration Fil® Qx it’s not evident that the object
(Q,¢) of FCrysg(Xy) is of type p (or rather o(p)). That said, the following shows that this
mismatch is illusory when the objects are strongly divisible.

Proposition 2.60. Suppose that (Q, ¢, Fil®* Qx) is an object of FFCryde’“(%). Then, the object
(9,¢) of FCrysg(Xi) is of type o(p).

Proof. By Proposition 2.22 we see that it suffices to assume that X = Spf(W) and that k is
algebraically closed. In this case, as Fil® Qx is a P,-torsor, it must by Footnote 11 be trivial.
Choosing a trivialization of 0*G ~ § we may write ¢ = g for some g in §(K'). Moreover, as pu is
minuscule it suffices to show that g is bounded by o(u) in the Bruhat order. By [RR96, Lemma
2.2 (iv)] it suffices to check that p(g) is bounded by poo(u) for all representations p: § — GL(A).
But, by strong divisibility we have that

> p 7 p(g)(Fill, (1)) = A.

reZ
This implies that p(g)p(o(u)(p)) "' A = A, and thus that p(g) is bounded by poo(u), as desired. [

Finally, we record for future use that strong divisibility of an object of FFCrysg(X) can be

tested on one faithful representation, at least if the object is of type p.
Lemma 2.61. Let X be a base formal W-scheme, (Q, ¢, Fil®* Qx) an object of FFCrysg(%), and
p: G — GL(A) a faithful representation. Then, (Q, , Fil® Qx) belongs to FFCryssgd’“(l’) if and
only if (Q, p, Fil®* Q)M is strongly divisible.
Proof. We may work étale locally on X and thus assume that Fil* Qx ~ Fil}, [ and that X = Spf(R)
for a base formal W-algebra R with formal framing w. Choose an identification of ¢ Gx ~ Gx so

that we may think of ¢ as an element g in G(R[!/p]). As p is a closed immersion and R — R[1/p]
is injective we deduce that go(u)(p)~* belongs to G(R), as desired. O

2.3.2. The filtered crystalline-aperture equivalence. We are now prepared to state the
equivalence between filtered F-crystals with G-structure and (9, pu)-apertures.

Theorem 2.62. Suppose p > 2 and that X is a base formal W -scheme. Then, the functor
Dcrys: BT&“(%) — FFCI‘ySSSdW(%), 0 — (ka (ka), Fﬂl.-Idg TdR(Q)>

is an equivalence compatible with the structure maps to BP,(X).

Remark 2.63. For Deyys to make sense we need that the underlying §-bundle of Filjyy, Tar(Q)
agrees with Ry, (Qx,)x: this follows from [IKY25, Theorem 1.19]. That Derys(Q) belongs to
FFCrys;d’“ (X) is also quite non-trivial; see [[KY24a, Proposition 1.41] or [MY26, Remark 3.7.6
and Construction 3.7.7.
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To prove Theorem 2.62, we first need some setup.
Notation 2.64. Let us write X, (X) for the following groupoid:
Xu(X) := BG(X) x pg(x,) BPu(Xg)-
Key to our proof are the following constructions.
Construction 2.65. There is a natural map
m: BP,(X) = X, (X), P~ (Px" g, Py, nat.),
where nat. is the obvious map. On the other hand, there is a natural map
mp: FCrysy ™ (%)) — X,u(X),  (2,9) = (Qx, Filjino Qu,, nat.)
where Filjino Q is as in Definition 2.35, and again nat. denotes the natural map.
Proposition 2.66. Suppose p > 2 and that X is a base formal W -scheme. Then,
7 FFCrys;d’“(.’{) — FCrysq(X)) x BP,(X), (Q,¢,Fil* Qx) — ((Q, ¢), Fil* Qx)

factorizes naturally through FCrysg(“) (Xi) x BP,(X). Moreover, there is a natural equivalence
M1 O Pry 0 ) ™~ Mo 0 Pry 0, and thus a natural map

7: FFCrys3"(X) — FCrysg" (X)) x x,(x) BPu(X).

Proof. The factorization claim follows from Proposition 2.60. To prove the claim about the
existence of a natural equivalence 7y o pry 0 j > 79 o pry 0 ) we proceed as follows. Unraveling the
definition, the content of the claim is that Fil®* Qx|x, is naturally isomorphic to Fil}yo Qx,. As
both of these are naturally filtrations on Qg, , it suffices to check that they are equal, and in fact
we can check it representation-by-representation. Let us write (&, ¢, Fil® €x) for (Q, ¢, Fil® Qx)™).
Now, to check this equality we are free to assume that X = Spf(R) where R is a framed base
W-algebra with framing w. As ¢y, is faithfully flat it suffices to check further that this equality
holds after pullback along ¢,,. As our filtration is locally split, from [IKY25, Proposition 2.7| we
see that (&€, ¢, Fil® €) being strongly divisible implies the following equality of filtered modules

&5, Fil* € @ (r s ) (R, Fil}) = Filk, &,

with notation as in loc. cit. Reducing this mod p (which is the same as taking the image in the
mod p reduction as the filtration is locally split) we see that

by, Fil* € = Fily, € mod p,
and the latter is equal to ¢}, Filjino €x, by construction. g

Proof of Theorem 2.62. Consider the diagram

BTS#(X) Derys » FFCrysi" (X)

{ |

BT (X0) %x, ) BAU(X) g FOrysg " (X0) o, x) BRAR),

where the right vertical is the fully faithful map j from Proposition 2.66 and the left-vertical

arrow is the equivalence by Grothendieck-Messing theory (see Theorem 2.7). This diagram

commutes which, unraveling the definitions, reduces quickly to Proposition 2.36. As the right

vertical arrow is fully faithful, we will then deduce the top arrow is an equivalence as Ry, , and

thus the bottom-horizontal arrow, is an equivalence by Proposition 2.26. U
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2.3.3. Griffiths transversality and quintuples. We would now like to give a more concrete
description of FFCryssgd’”(.’{) in the vein of Proposition 2.47.

Remark 2.67. Let Fil* @ be a filtered G-bundle on X of type p. By Proposition 2.A.22 we
obtain a reduction of structure group P C (), where P is a P, torsor. It is simple to show that

Atyw(Q)  ad(@Q)  ad(Q)

~

Aty w(P) ~ ad(P)  Fil’ad(Q)’

where the identification of ad(P) = Fil’ad(Q) is by unraveling the definitions.
Suppose then that we have a G-connection V on ). This then induces a morphism

ad(Q)

k: Txyw — Atz (Q) — Fi0 ad(Q)’

called the Kodaira—Spencer morphism.

Definition 2.68. Let (Q, Fil* @, V) be as in Remark 2.67. We say that the triple (@, Fil®* @, V)
satisfies Griffiths transversality if r factorizes through Fil=! ad(Q)/ Fil® ad(Q).

Notation 2.69. For the rest of this subsubsection, fix a formal framing w of X, and write ¢,
for its associated Frobenius lift.

Definition 2.70. We denote by FilTors‘g’v’“(.’{) the category of quadruples (Q, ¢, V, Fil* Q)
where @) is a G-torsor on X, V is an integrable and topologically quasi-nilpotent G-connection,
w: o5 Q[Y/p] — Q[Y/p] is a V-horizontal quasi-isogeny of G-torsors on X, and Fil® @ is a filtration
on @ of type p satisfying Griffiths transversality.

We write FilTors?’Sd’v’“ (%) for the full subcategory of FilTors?’V’“ (%) spanned by those

objects such that ¢ satisfies the strong divisibility condition with respect to Fil* Q. 7
The following is proven in much the same way as Proposition 2.43.
Proposition 2.71. There is a natural equivalence
FFCrys}(X) = FilTors{V " (X),  (Q,¢,Fil* Ox) — (Qx,, Vo, Fil* Qx),
restricting to an equivalence FFCryssgd’“(%) = FilTors?Sd’v’”(:{).
We now define a category of quintuples which gives a more concrete description of FFCrys;d’” (X).

Definition 2.72. Fix a tensor package {sa,0} C A% as in Notation 2.45. Consider quintuples
(M, V,¢,{sq},Fil® M) where the quadruple (M, V, ¢, {ss}) is the same data as in Definition
2.46, and Fil* M is a filtration of type p on M. The quintuple (M, V, p,{sq}, Fil* M) must
satisfy those conditions in Definition 2.46, and:

(4) {54} lies in the O part of the filtration that Fil® M induces on M®;

(5) the filtration satisfies Griffiths transversality with respect to V;

(6)  is strongly divisible relative to Fil®* M’

(7) and the isomorphism My — A ® Oy additionally carries Fil* M|y to Fil%,(A)[x.

With the obvious notion of morphism, we denote the category of such quintuples by Quintg (%).18
The following follows easily from Proposition 2.71 and Remark 2.44.
Proposition 2.73. There is a natural equivalence

FFCryssgd’“(.’{) = Quint{(X).

TWe are again suppressing the dependency on w.
18We are again suppressing the dependency on w.
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2.4. Relation to p-divisible groups. We next recall the exact relationship between (9, p)-
apertures, p-divisible groups, and classical (crystalline) Dieudonné theory.

Notation 2.74. For 1 < n < 0o, we denote by BT, ;, the moduli stack of n-truncated p-divisible
groups (e.g., the stack of p-divisible groups when n = o0).

Notation 2.75. For a p-adic formal scheme X and 1 < n < oo, denote by Vect g (X" @%Z/p")
the category of vector bundles V on X%¥"®"Z /p™ such that for every geometric point x: Spec(k) —
X, the filtered k-vector space (33')*V|. has zero graded pieces outside degrees 0 and 1.

Theorem 2.76. For any p-adic formal scheme X, there are equivalences
M: BT, (X) = Vect 11(X™" @ Z/p")
compatible with truncation maps in n and Cartier duality. Moreover, one has the identifications
Ry oM ~ D, Derys oM~ D

when X is a reqular Fp-scheme and a base formal W -scheme, respectively, assuming p > 2 in the
latter case. Here D denotes the usual contravariant Dieudonné crystal and filtered Dieudonné
crystal, respectively; see [IKY25, §4.2].

Proof. The first equivalence (the real content of this result) is [ALB23, Theorem 1.16] when X
is quasi-syntomic and [GM26, Theorem A| in general. For the comparison when X is a regular
Fp-scheme see [ALB23, Lemma 4.45|, and for the filtered comparison over base formal W-schemes
see [IKY25, Theorem 4.8]. Note that here we use the contravariant convention of [ALB23| and
[IKY25], obtained by taking ordinary linear duals of the covariant construction in [GM26]. O

Remark 2.77. Write Mcoy (H) := M(H)V for the covariant construction. For H in BT) (%),
there is a natural identification on X,

Hy, n < 090,

Tes Moo (H)) = {T (H), n=oo.

The finite-level assertion is [GM26, Proposition 11.8.2|, and the case n = oo follows by passage
to the inverse limit.

2.5. Deformation theory. We now would like to give a concrete description of the universal
deformations for points of BTgé“ . As we will only need this case, we assume k is a finite field. In
particular, we use Notation 2.48 and the identifications in Proposition 2.52 without comment.

Notation 2.78. Throughout the following we fix b in G(W;)o (1) (p)G(W5).

2.5.1. An explicit (9, u)-aperture. We begin by describing very explicitly a (G, u)-aperture,
or more precisely an object of the category in Definition 2.70.
We begin by defining the base formal W-scheme on which this (G, u)-aperture will live.

Definition 2.79. We define u;j to be the opposite unipotent over W; associated to p:
- . R -1 —
U, ;= {g € Sw; = limp(t) ™ "gu(t) = 1}-
We further define ﬁ; ; to be the completion of u;y ; at the identity section.

We will often work ring-theoretically with the objects above, and so we give such notation.

Notation 2.80. Set Rg ,, ; := O(TAL and let mg , ; denote its maximal ideal. Fix an isomorphism

o)
w: Rg}ud ~ Wj[[tl, ce ,td]]

as in [[t023, Lemma 4.2.6]. We write o for the Frobenius lift on Rg, ; restricting to Witt
Frobenius on W; and satisfying o(¢;) = ¢!. Finally, we write Q%S},m for the p-adic completion of

the sheaf of g-differentials.

Finally, important in our construction is the following element of the formal group ﬁ; e
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Notation 2.81. We let U denote the tautological element in W, ;(Rg ;) € S(Rg,p5)-

Construction 2.82. Write b = k1o (u)(p)ka where ky and ko belong to G(W;). Set ¢ := o1 (ks)
: rruniv . ,—1yruniv . 19 .
and write U 1= ¢ U, MVe. Set:
Qll)miv — 9, (p})miv _ (ﬁ'&l’njiv)—lb’ Fil® aniv _ C_IPM c (9/P,u)(R9,u,j)a

where the last term gives a filtration by Proposition 2.A.22 and the fact that §/P, parameterizes
reductions of structure group of G to P,,.

Remark 2.83. One can more concretely describe the filtered G-bundle Fil® Q})‘niv in terms of
Proposition 2.A.15. Namely, it is the filtered Tannakian G-bundle associating to a representation
p: § — GL(A) the module A ®z, R, ; filtered by p(c)~! - (Fil,, @w Rg,.5)-

We now show that there is a unique topologically quasi-nilpotent integrable G-connection V on
Qv such that the quadruple (QUMY, puniv 7 Fil® QUMiV) is an object of FilTors‘g’v’“ (Rg,puj)-
To state this cleanly, we first make the following notational definitions.

Notation 2.84. We define the operator
Dp: oYl ©z, O, w, = 81Y6l ®z, Up, o,
by the rule
Ay (@ @) = ™ (@) @ o () = Ad ((T35)710) (2) @ o () *

Definition 2.85 ([Wak23, §3.1|). Recall that the left-invariant Maurer—Cartan form wlg is the
element g ®z, Qé /2, corresponding to the map

wlg: Tg/zp — 8 ®z, Og, (U € Tg(9)> — <(Lgl)*(’0) € g>,

where L,-1 is the left-translation operator. One defines the right-invariant Maurer—Cartan form
wg similarly, but by using the right-translation operator R -1.

Notation 2.86. For a morphism g: Spf(R) — G, where R is any p-adically complete IW;-algebra,

1

we write g 'dg := g*(wé) and dgg™" = g*(wg), elements of g ®z, QE/WJ*

: i [7univ)—1 jr7uni 0Ol
Notation 2.87. Set ny™" = (U,5") " dU.S", an element of g @z, QRS,H,]'/WJ"
We now give an explicit construction of our sought-after connection.

Proposition 2.88. The operator Ay stabilizes g @z, ﬁ}% W, and the sum
22w

Vit =3 AL ™) (25.)
n=0
converges (t1,...,tq)-adically. Moreover, V}jni" s the unique solution to the equation
n=n" 4 A(n),  nea®z, Qp (2.5.2)

Proof. For notational simplicity, write

R=Rg,;, I=(t,....ts)y U=U™", a=U"b

and put gr = g ®z, R and M? = gg ®p Q;]%/Wj' We write Ay, for the operator on M4[1/p]

defined by the same formula as A,.

lglf ko = 17 then ¢ =1 and ﬁl‘jzﬁv — U:glv
20Where here o* is literally the pullback map on differentials for the map o: Rg u,; — Rg,u,;-
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Write b = k1o(u)(p)ks as in Construction 2.82. Since p is minuscule, the weights of Ad o o(u)
on gy, lie in {~1,0,1}. So, if = is in gg we may write Ad(k2)(7) = z_1 + 20 + 1 for the
corresponding weight decomposition. We then see that

pAd(a)(z) = Ad(U k) (2—1 + pxo + p*21),
and so pAd(a)(gr) C gr as U 'k; is in G(R). On the other hand, as o(t;) = ! one quickly

i
calculates that for every r > 0 and ¢ > 1 one has the containment

* (11O r+q(p—1)
. (I Q?{/Wj) C pirP q(p )QEI%/WJ_‘

From this and the containment pAd(a)(gr) C gr we deduce that
Ap o (I" M) C pt=Lppr+ae=Dppa, (2.5.3)
Taking r = 0 and ¢ = 1 shows that A, stabilizes M' = g@z, Q}Z/Wy and that A?(M?) C [P"~1 M1

for every n > 0. Since M is I-adically complete, we deduce that V;)mi" converges. Moreover, by
the I-adic continuity of Ay we see that we have the equality

B ALY = g 4 ST AR ) = ST AR =V, (25.4)
n=0 n=0
verifying that (2.5.2) holds.
For the unicity of a solution to (2.5.2), take two solutions n and 7’. Setting 6 = n — 7’ we
have 6 = Ay(6). The discussion in the previous paragraph then shows that § = A}'(4) and thus
belongs to IP"~1 M1 for all n. As M is I-adically complete we deduce that § = 0, as desired. O

Note that using Example 2.40, we may interpret V;)mi" as a G-connection on the trivial G-torsor
over Rg , ;. With this interpretation, we have the following.

Proposition 2.89. The G-connection V}jni" 1s integrable and topologically quasi-nilpotent, and
the map @p™" is Vy™-horizontal.

Proof. We use the same notational shortcuts as at the beginning of the proof of Proposition 2.88.
univ )

Let us first verify that @™V is V}j“i"—horizontal. First, note that for v in g ®z, Q}%o Wy
P RVEVS

univ

V,-horizontality of ¢p™" is equivalent to the identity
v=—daa"' 4+ Ad(a)(c*v). (2.5.5)

Indeed, after applying a representation p, and writing A = p(a) and 2 = p.(v), this becomes the
usual identity for horizontality:

dA + QA = Ac™ ().
Now, since @ = U~'b and the element b is constant over W;, one can simplify the above to:
—da a—l — (Ui’njiv)—ldU;ngiv — mt)lniv'

Thus, for v = V™V, (2.5.5) reduces to the previously verified (2.5.2).
Now, we prove that V;™" is integrable. Let K be the curvature tensor of V;™":

K = dvzmlv + i[v;}mlv’vgmv]. e M2

Using (2.5.4) and the integrability of ™", one checks that K = Apo(K). Thus, the same
argument in the last paragraph of the proof of Proposition 2.88 shows that K = 0, as desired.
It remains to check topological quasi-nilpotence. Fix a representation p: § — GL(A), and set

F = p(a): o*Ag[Y/p] — Ag[Y/p)].

Let D; be the covariant derivative on Ag in the direction %, and let DY be the corresponding

operator on 6*Ag. Choose h > 0 such that both p"F and p"F~! preserve the natural integral
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lattices. Since o*(dt;) is divisible by p, the pullback connection on 0*Ag reduces modulo p to
p
the trivial connection. As (%) =0 on R/p, it follows that for each s > 0:
(D{)P(0*AR) C po*Arg, (D{)Pe(c*AR) C p°c*AR.
Horizontality of F' gives DI'F = F(D¢)", and so for x in Ag and y = p"F~1(z) in 6*Ag, one has
D*(x) = p "F((D7)"*(y)) € p* *"Ag.
Given N > 1, choose s > N + 2h, so then DfS(AR) C pN AR for every i. Since the connection is

integrable, the operators Dy, ..., Dy commute. Thus, if & = (o, ..., aq) satisfies |a| > d(ps — 1),
then some «; > ps, and hence D' --- D34(AR) C pVAgR. Since N and p were arbitrary, the
conclusion follows. O

We finally arrive at our desired statement about quadruples in FilTorsg’v’“ (Rg,,,;) filling out
the triple (Q;™, @™V, Fil® Q;™V).
Corollary 2.90. The unique G-connection V on Q;}ni" such that (ani", go})miv, vV, Fil® Q;)mi") 18
an object of FilTorsg’v’“(Rg%j) 18 V})miv. Moreover, this quadruple is strongly divisible.
Proof. By Propositions 2.88 and 2.89, and the fact that as p is minuscule Griffiths transversality
is automatic, we know that (Ql‘jniv, pniv 7umiv ] ® Q})mi") is an object of FilTorsg’v’“(Rg,u,j).
Conversely, suppose that (Q}jmv, gp‘g“i", Vv, Fil* Q},‘“iv) is an object of FilTorsg’v’“ (Rg,p,5)- Then,
writing V = V,, for some 7 in g ®z, Q}%s,m Jw,; We deduce from the first paragraph of the proof

of Proposition 2.89 that go},miv being V-horizontal implies that n = nl‘jniv + Ap(n). Thus, we are
done by the unicity assertion in Proposition 2.88.

To prove strong divisibility, take a representation p: § — GL(A) and set M = A ®z, Rg ;.
Give M the filtration induced by Fil® Q;}ni". Using the identification o*M ~ M, we have

S o (B M) = (kg o () (p) ) M.
reZ
Writing F = p((U P‘j’njiv)_lb) for the induced Frobenius under this identification, we obtain

F (Zpra*(Filr M)) = p((T) " oky o () (p) 1) M

reZ

SO (2.5.6)
= (05" k)M
= M,
since (ﬁ;giv)_lkl belongs to G(Rg . ;), as desired. O

We finally give notation for the aperture associated to the above quadruple.

Notation 2.91. We let ani" be the (9, u)-aperture over ﬁ; j corresponding to the quadruple
(Q‘g“i", gp})mi", V})‘ni", Fil® Q})mi") under the equivalences from Proposition 2.71 and Theorem 2.62.

2.5.2. A description of the universal deformation. We now use the explicitly described
(G, u)-aperture from above to describe the universal deformation of b.

Definition 2.92. Let Y be a formal prestack over W. Let y be a point of Y(k') for some perfect
extension k'/k. Set W' = W (k'). Define the deformation prestack associated to the pair (Y,y)
to be the functor on Gy (the completed base category)?!' given by:

Def,: Cyr — Grpd, R+ fib(Y(R) — Y(K');y).
If Def,, is representable, we call the representing space the deformation space of the pair (Y,y),

and the tautological object over that space the universal deformation.

2IMore precisely, Gy is the category of complete Noetherian local rings R equipped with a local map W' — R
satisfying ¥’ = R/mg, with morphisms local W’-algebra maps.
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Notation 2.93. For b, thought of as an object of BT%#(k;), we write D(S, b, 1) for the defor-
mation functor.

Observation 2.94. Pulling back Q™ to k; gives us a (G, u)-aperture over kj. Under the
equivalence from Setup 2.49, this (G, u)-aperture corresponds to the object of Torsg’a(” )(Wj)
given by . .
(@™ op™) ®rg,,; Wi = (Sw;, b).
In other words, it is the (G, p)-aperture associated to b. Thus, we obtain a natural isomorphism
L;]lniv: lemiv ®R9,H’j kj l> b,
and thus the pair (Q;)mi", Lgm") gives a morphism pgm": ﬁ; i (9,0, 1).

The following shows (QU™Y, ;#"V) is indeed the universal deformation of b in BTZ:A.

univ .

Theorem 2.95. The map pp™": ﬁ;] — D(9,b, 1) is an isomorphism.

Proof. This result is essentially already contained (with some duplication between the references)
in [Ito25a, Theorem 4.4.2|, [IK'Y24a, Proposition 3.32|, and [GM26, Proposition 10.2.9|. But, let
us spell this out a bit more. In [IKY?24a, Proposition 3.32| it is explained that the F-gauge with
G-structure over Rg, ; constructed in [Ito25a, Theorem 4.4.2], which we shall denote (Q', /10),
is actually universal (as opposed to just universal on power series rings as verified in loc. cit.).
Thus, it suffices to verify that (Q°, /%) is isomorphic to (Qymiv, (Jniv),

By Proposition 2.71 and Theorem 2.62, it suffices to show that the object of FilTorsg’v’“(Rg%j)
associated to (Q%°, 1) is (Q})mi", VA D1l Q})mi"). But, given the presentation of (', /[*°)
given in [Ito25a, Theorem 4.4.2|, one easily checks that this is true for all parts of this tuple
except the G-connection V;)mi". But, we are then done by the unicity from Corollary 2.90. O

Remark 2.96. Theorem 2.95 does not require that b is defined over a finite field, and so from
this it’s simple to see the following: For any perfect extension x/k;, let b|,; be the induced element

of BTZ:(k). Then the pullback of (Qy™V, "™V) to ﬁ;J ® W (k) is the deformation of b|,.

Remark 2.97. To understand the full deformation theory contained in ®(G,b, ) and the
universal deformation living over it one requires the notion of (G, u)-apertures. But, one can still
characterize it in a more concrete way: for an integer m > 0, one has a bijection

Hom (Spf (Wilz1, ..., zm], (p, 21, . . . ,wm)),Q(S,b,,u)>

|
. d ’
fib (FIITOI'S?S VWil 2m]) — Tors/ U(“)(Wj); (9Wj,b)>,
given by f — f* (Q})miv, gp;)mi", V;jni", Fil® Q;)mi"). This description can be made even more concrete
by choosing a tensor package and phrasing things in terms of the quintuples as in Definition 2.72.
That this bijection indeed characterizes the universal deformation follows from the fact that

Rg,, ; is itself a power series ring. This description is in line with the original work of Faltings in
[Fal99], and the approach taken by Ito in [Ito25a].

We end this section by giving a more direct description of ©(G,b, u)(R) for an arbitrary
Noetherian adic Wj-algebra R.

Proposition 2.98. Let R be a Noetherian adic Wj-algebra. There is a functorial identification
D(S,b, 1) (R) = fib (BTL(R) = BT (Rpea):blreq ) +
given by pulling back the object (Qy™Y, (imiY)

22That this fiber groupoid is discrete follows as in the proof of [[KY24a, Proposition 3.31].
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Proof. If R, = R/(R°°)", the map under consideration is the limit of the maps
D(9,b, 1)(Rn) = fib (BT (Ra) = BT (Reea): bl ) >

and so it suffices to show that each of these is a bijection. We can prove this by induction on n.
When n = 1 both sides are singletons, and so the claim is trivial. Suppose we have proven the
claim for n. Then, it suffices to show that for each y in ©(9, b, u)(R,,), with the same symbol for
its images in the fiber set, the map

fib (@(9, b ) (Rus1) = D(S.b. 1) (R): y) s fib (BTE#(RW) L BTSH(R,): y)

is bijective. Set J = R°® and I, = J"/J"*! so that JI, = 0. By the usual description of
infinitesimal liftings and Grothendieck—Messing theory (see Theorem 2.7), respectively, these
fibers are torsors respectively under

I ®k, ToD(G,b,p)  and I, @, TBTIH,

where the tangent spaces are relative to W;. The map between the fibers is equivariant for the
tangent map induced by the universal aperture, which is an isomorphism by Theorem 2.95. The
inductive step, and thus the full claim, follows. O

2.A. Appendix: Tannakian theory of (filtered) torsors. In this appendix we recall the
theory of filtered torsors in the context that is frequently used in this section. See [Wed24,
Appendix A| and [Zie26] for generalizations of some of these results to more general group
schemes and over more general bases.

Notation 2.A.1. Throughout this appendix we use the following notation:

e R is a Dedekind domain;

e H is a finite type affine flat group R-scheme;

Repp(H) denotes the exact R-linear ®-category (see Definition 2.A.3 below) of (left)
representations p: H — GL(A) where A is a finite projective R-module;

(Z°,0) is a ringed topos of R-algebras;

e Hy is the group object of 2" defined by Hs(T') := H(O(T)).

Example 2.A.2. Suppose that X is a prestack over R (e.g., in increasing level of generality,
a scheme, a formal scheme, or a formal stack). Then, we can naturally build a ringed topos
(Xeppt, Ox) whose objects are morphisms Spec(A) — X for a ring A, whose morphisms are maps
over X, and whose covers are given by fppf covers. Then, there is a natural identification
Vect(Xgppt, Ox) ~ Spe2C—(1}‘13n_>xVeci:(A).

Definition 2.A.3. An exact R-linear ®-category is a category € endowed with the following
structure and properties:

e C is equipped with the structure of an exact category; see [Kel90, Appendix AJ;

e Cis equipped with an additive R-linear structure (see [SP, Tag 0104] and [SP, Tag 09MI]);

e the underlying category of € is Karoubian (see [SP, Tag 09SF));

e there is an R-bilinear symmetric monoidal structure ®: € x € — € (see [SP, Tag OFFJ]).

For exact R-linear ®-categories € and D, a functor F': € — D is an ezact R-linear ®@-functor

if it preserves exact sequences and it is R-linear (see [SP, Tag 09MK]|) and symmetric monoidal

(see [SP, Tag OFFL| and |SP, Tag OFFY]).

Definition 2.A.4. Let C be an exact R-linear ®-category. Then, the category of H-objects in C
is the category H-C consisting of exact R-linear ®-functors w: Repp(H) — € with morphisms
given by monoidal natural transformations.

Definition 2.A.5. We define the following notions.

23Here we are implicitly using the integrability of BTJ"* for each n; see the discussion in Remark 2.6.
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e The category of H-bundles on (2", 0), denoted Torsy (2", 0) (or Torsy (2 ) when &
is clear from context), is the category of Hp-torsors on 2.

e The category of Tannakian H-bundles on (2", 0), denoted H-Vect(Z", O) (or H-Vect(Z)
when & is clear from context), is the category of H-objects in Vect(2', 0).

e A Tannakian H-bundle w is locally trivial if for every object T' of 2 there exists a cover
{T; — T} such that w|7p, >~ wyiv|7, for all i, where wyiv(A) == A ®p ¢. We denote the
full subcategory of locally trivial objects of H-Vect(2', &) by H-Vect''(Z", 0).

Construction 2.A.6. There is a natural functor
Torsy (2", 0) — H-Vect(Z',0), Q— wg
where
wo(h) = QW= QA" (AR 0),

or, equivalently, wg(A) is the natural vector bundle associated to the GL(A)o-torsor p,@, thought
of as a vector bundle in the usual way (e.g., see [[KY24b, Proposition A.4|).

Proposition 2.A.7 (see [[KY24b, Theorem A.19 and Remark A.20]). The functor
Torsq (2 ,0) — H-Vect" (2, 0), Q — wgQ

1 an equivalence with quasi-inverse given by
w (Isom(wtriv, w): T Isom(wtrivlT,wlT)>,

and every Tannakian F-bundle is locally trivial if (2, 0) = (Xgppt, Ox) for a prestack X over R.
We would now like to discuss certain filtered upgrades of the above story.

Definition 2.A.8. Let X be a prestack over R. A filtered H-bundle on X is an H-bundle on
the product prestack X x Al /G,,.2* Pulling back along X = X x G,,/G,, — X x Al/G,, gives a
H-bundle Q on X which we call the underlying H-bundle. We often then denote the filtered
H-bundle on X by Fil* Q. We denote the category of filtered H-bundles by FilTorsg(X).

Remark 2.A.9. Putting a filtration on an H-bundle Q on X, i.e., giving a filtered H-bundle of
the form Fil® (), can be succinctly understood as extending the morphism X — BXH corresponding
to Q along the natural map X = X x G,,/G,,, — X x Al/G,y,.

To justify the name ‘filtered’ H-bundle, let us make the following definition.

Definition 2.A.10. Let (27, €) be a ringed topos over R.

o A filtered vector bundle on (2, O) consists of a vector bundle V on (£, &) together with
an exhaustive separated decreasing Z-filtered sequence of &-submodules Fil®* V.
e A filtered vector bundle Fil*V is locally split if for all ¢ the &-module

Gr'V := Fil' V/ Fil'*1 v
is a vector bundle.

We denote the category of filtered vector bundles on (27, ¢) by FilVect(.2",0) (or just
FilVect(:2") when & is clear from context), and we write FilVect'(.2", &) for the full subcate-
gory of locally split filtered vector bundles.

Definition 2.A.11. Endow FilVect(Z, &) with the structure of an exact R-linear ®-category
where we define Fil*V ® Fil* W to have underlying vector bundle V ® 4 W and filtration

Fil* (Ve W) = Z im<Fﬂi Voo FilW = Ve, W)
it+j=k

24Here we have G, acting on A' with the usual action: A -z := Az. Equivalently, we are endowing Z[t] with
the grading where ¢ has degree 1.
42



and where a sequence
0 — FilI*V; — Fil*Vy = Fil* V3 — 0
is exact if the sequence of &-modules
0 — Fil'V; — Fil' Vo — Fil' V5 — 0
is exact for all i. Note that FilVect®(2", €) is an exact R-linear ®-subcategory of FilVect(2, 0).

Definition 2.A.12. The category of H-objects in FilVect(Z, 0) is called the category of
filtered Tannakian H-bundles and denoted H-FilVect(Z", 0).

Remark 2.A.13. This name is apt as every such object gives rise to an underlying H-bundle w,
so we may then think of the filtered H-bundle Fil® w as giving a compatible system of filtrations
Fil* w(A) on w(A) for all A. We note that, as an exact R-linear ® functor sends dualizable objects
to dualizable objects, in fact every object of H-FilVect(Z", 0) automatically factorizes through
H-FilVect™(2", 0), i.e., we have the equality H-FilVect's(2", 0) = H-FilVect(2', 0).

Construction 2.A.14. For a prestack X, there is a natural functor
Rees: Vect(X x Al/G,,) — FilVect(X) (2.A.1)

To describe this functor it suffices, by passing to the limit, to deal with the case when X = Spec(A).
In this case, we see that Vect(X x Al /G,,) corresponds exactly to the category of finite projective
graded A[t]-modules N = @, N; where ¢ has weight 1.%° Then, we associate to N the A-module
M = N/(t — 1) with the filtration Fil" M = (N_, + (t — 1)N)/(t — 1)N.

We then have the following classical result, sometimes called the Rees equivalence.

Proposition 2.A.15 (see [IKY24a, Proposition 1.5] and the surrounding references). For a
prestack X over R, the functor Rees from (2.A.1) induces an eract R-linear ®-equivalence

Rees: Vect(X x Al/G,,) = FilVect®(X),
and thus induces a commuting diagram

Fil® R Fil® Q)=Fil®
FilTorsg () — b o RO e | 50 pirvect(xX)

l |

Torsg(X) H-Vect(X)

Q»—>wQ
where the horizontal maps are equivalences.
We end this section by singling out a specific type of filtered torsor.

Construction 2.A.16. Let v: G, g — H be a cocharacter. By pushing out the tautological
G, r-torsor on BG,, r along v~! we obtain a H-torsor Gr®H on BG,, r = Spec(R) x BG,,.
Pulling Gr®J back along the projection Spec(R) x Al /G,,, — Spec(R) x BG,, we obtain a filtered
H-bundle on Spec(R) which we denote Fil}, H.

Definition 2.A.17. Let X be a prestack over R and v: G, p — H a cocharacter. Then, a
filtered H-bundle Fil®*Q on X is of type v if it is locally on Xg,p¢ isomorphic to Fil;, H.26 We
denote the full subcategory of FilTorsg(X) consisting of objects of type v by FilTors4(X).

Remark 2.A.18. We can more concretely understand Fil}, H using the equivalence given in
Proposition 2.A.15. Namely, Fil}, H corresponds to the filtered Tannakian H-bundle Fil}, wy,iy on
Spec(R) sending a representation p: H — GL(A) to A with the filtration

Filj, A := @D A(j),

jzr

25Here we are using the very well-known correspondence between graded modules over a graded ring A and
Gm-equivariant modules on Spec(A); see [SP, Tag 03LE].
26Note that this is not equivalent to asking that Fil* Q and Fil% H are locally isomorphic on (X x A' /G, )pps
which is, in fact, automatic as both are locally trivial on that site.
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where A(j) is the weight j-space of the G,, r action on A given by powv.

Thus, we can think of a filtered JH-torsor Fil* @ as being of type v if locally on Xg,pe one has
that Fil® wq is isomorphic as a filtered Tannakian J{-torsor to Fil}, wiiy. This gives rise to a full
subcategory H-FilVect”(X) of Tannakian H-bundles of type v.

Notation 2.A.19. We define P, to be the group R-scheme Aut(Fil} H).

Remark 2.A.20. The group R-scheme P, is evidently a closed subgroup R-scheme of K.
Moreover, when JH is reductive this agrees with the parabolic subgroup R-scheme of H associated
to v by the dynamic method as in [Conl4, Theorem 4.1.7]; cf. |Ziel5, Theorem 4.39 (iii)].

Remark 2.A.21. As filtered H-torsors satisfy descent, the general theory of twists (see [Gir71,
Chapitre III, Théoréme 2.5.1|) implies that for any prestack X over R one may construct a functor

Torsp, (X) — FilTorsy(X), P~ <wp: A P = p Ao (A Fil® A)).
We may observe here that the underlying Tannakian H-bundle of wp is wg where @) is the H-torsor
on X obtained by pushing out along the inclusion P, C 3. We may then write wp = Filp wg.
The following then again follows from the general theory of twists.
Proposition 2.A.22. For a prestack X over R and cocharacter v: Gy, r — H, the functor
Torsp, (X) — FilTorss (X), P — wp = Filpwg.
s an equivalence.

Remark 2.A.23. Definition 2.A.17 and Proposition 2.A.22 naturally extend to the derived
setting. Indeed, the definitions go through verbatim if one takes a H-torsor on a derived stack Y
to be an object of the co-category Map(Y, BH).

Remark 2.A.24. While we will not need it in this article, we point out that assuming H is
R-smooth, essentially every filtered H-torsor on a prestack X over R is locally of type v for some
v; see |Zie26, Theorem 1.1] for a precise statement.

Remark 2.A.25 (Remark on sign conventions). When comparing the material in this article
with that in other articles on related topics, it is helpful to understand the relationship between
various sign conventions concerning filtrations. Those of most import are: how G,, acts on Al
(i.e., whether A - x is Az or A™'z) and what the notation P, or P, that appears there means.
For the convenience of the reader we summarize these relationships in the following table. For
clarity in this table we use the following notation for a cocharacter p of an affine group scheme G:

P(p) = {g €g: %i_r}r(l)u(t)gu(t)_l exists}

as in |Conl4, Theorem 4.1.7].

Source G,,-action on A! Parabolic convention
This paper Az = Az P, = P(u)
[TKY24al Az = Pr = P(—p)
[Ziel5] — P(Fil},) = P(u)
[[to25b]/[Ito25a] A-x = A1z P, = P(u)
[GM26] Az =1z P, = P(u)
[MY26] Az =1z P; = P(p)
[Bha23] Az = —
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3. THE TEST FUNCTIONS ¢}

In this section we define the functions gbg’ﬁ as alluded to in the introduction, and show they
have reasonable properties. We will then compare these with previously defined functions.

Notation 3.1. Throughout the following we maintain the notation from Notation 2.2, and freely
use notions and notations from §2, and particularly from §2.5. Furthermore we assume

o p>2;

e [ is finite;

e j belongs to NU {oo}.
3.1. Aperture tubes with level structure. We begin by defining the spaces whose cohomology
will be used to define the functions ¢, .

Setup 3.2. Fix b in §(W;)o(1)(p)G(W;) thought of as an element of BT (k;) as in §2.2.5.
Definition 3.3. We define the aperture tube at b to be the rigid Kj-space

D(G, b, p) == Spf(RS,,u,j? m9:ﬂ:j>’7‘
By étale realization we obtain a map D(G, b, u) — BSG(Z,) and we define the infinite level aperture
tube at b, denoted D (G,b, 1) to be D(G,b, 1) X pg(z,) *, i.e., the frame space for T (Qp01Y).
For any compact open subgroup K C §(Z,), we define the level K (aperture) tube at b as

Dk (S, b, 1) := Doo (G, b, ) /K.
When K = K,, := ker (§(Z,) = G(Z/p")) we abbreviate Dk, (G,b, u) to D, (G, b, p).

Notation 3.4. Suppose that K, K’ C §(Z,)) are compact open subgroups, and g is an element of
5(Z,) satisfying g7'Kg C K’. Right multiplication by g on Doo(G, b, 1) descends to a morphism

tkkr(9): Dk (S, b, 1) = Dir(§, b, ).
For K C K/, put mk k» = tk (1), and write mx = TK,5(Z,)-
We would like to give a functorial description of these spaces Dk (9, b, u).
Definition 3.5. Let R be an adic Wj-algebra. An object in the essential image of
Ts: BT (R) — BS(Z,)(R[1/]),

is called apertile of type p (relative to R). If R is a discrete Wj-algebra, we define an object of
BS(Z,))(R[Y/»]) to be an apertile object of type p if it lies in the essential image of

Tew: BT ™8(R) — BS(Z,)(R[Ys]).
These notions readily globalize.

We have the following concrete, purely generic-fiber description of apertile §(Z,)-local systems
of type i in the good reduction situation.

Proposition 3.6 ([MY26, Theorem 5.1.4]). Let R be a smooth adic W;-algebra and assume
p = 5. Then, an object 2 of BG(Z,)(R[1/p]) ts apertile of type p if and only if:
(1) 2 is pointwise crystalline, i.e., for every classical point x of Spa(R[/p]) and for every

representation p of G the Z,-representation of Gal(k(x)/k(x)) given by p. 2, is crystalline.
(2) the filtered Tannakian G-bundle Dgr o wg is of type p in the sense of Remark 2.A.18.

Definition 3.7. An adic Wj-algebra R is n-normal if the map R — R[1/p]° is an isomorphism.

Theorem 3.8 ([MY26, Theorem 4.1.5]). Suppose that R is a Noetherian n-normal adic W;-
algebra. Then, Tg: BT R) — BS(Z,)(R[Yp)) is fully faithful.

Notation 3.9. Let R be a Noetherian n-normal adic Wj-algebra. Then, for an apertile object 2

of type p in BG(Z,)(R[!/p]) we denote Tézl(o@)mmd by sp(£2) and call it the specialization of 2.
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We then have the following more functorial description of the values of D(G,b, u)(A) for a
quite general class of inputs, e.g., all affinoid K-algebras.

Proposition 3.10. Let A be a Tate Kj-algebra such that A° is Noetherian. Then D, (G,b, 1)(A)
is naturally identified with isomorphism classes of triples (2,1, ) where:

e 2 is an object of BG(Zy)(A) which is apertile of type p (relative to A°) over A;

o 1:5p(2) = blas_, is an isomorphism in BT9H(AS,);

e « is a trivialization of 2 ® Z/p™.*"

Proof. The general case easily follows from the n = 0 case. In the n = 0 case we see by the
full faithfulness of the étale realization functor on A° and Proposition 2.98 that the set of
isomorphism classes of such triples naturally identifies with (G, b, u)(A°). We then must show
that the natural map ©(G, b, u)(A°) — D(9,b, 1)(A) is a bijection. But, choosing an isomorphism
D(G, b, u) =~ Spf(W;[t1,...,ta]) identifies this map with the map ((4°)°°)? — (A°°)¢. But, as
(A°)°° = A°° the claim follows. O

3.2. Action of the groups Jli,nt. We now wish to discuss the action of the group Jgnt of
automorphisms of b on tubes with level structure, and establish some workhorse results concerning
this action that will be used in the finer study of our local test functions.

Notation 3.11. Write Ji"* := {g € §(W;) : gbo(g)~* = b} = Aut(b).
Remark 3.12. There is a natural group action
T X D(G.b,) = DS b p), (9,(20) = (Q,g00),
where this last composition uses the discussion in §2.2.5. This naturally induces an action
Ty % Dr(§,b, 12) = D (b, o),

which when K = K,, can be described in terms of Proposition 3.10: This action associates to the
pair (g, (2, ¢, a)) the triple (2, g0, ).

Remark 3.13. For j < oo, one has the classical group scheme over Q,, given on R-points by
J(R) = {g € G(R®q, Kj) : gbo*(g)_1 = b} )

This admits a closed embedding into Resg /q, Gk, and the Zariski closure of J; in Resy, 7, Sw,

has Z,-points Jli)nt.

“In the rest of this subsection we aim to establish two continuity properties for the action of
Ji™ on the spaces D(G, b, 1) and Dk(G, b, ).

Observation 3.14. The action of J™ on D(G,b, 1) gives a map Ji™ — Autcont. (Rg,,.,j) Where
the subscript cont. means the group of ring automorphisms f of Rg , ; which are continuous for
the mg , j-adic topology; in particular f(mg, ;) C mg, ;.

Definition 3.15. The N-congruence subgroups of Jli)nt and Autcont.(R97u7j) are given by
JIH(N) := Ji" A ker (9(Wj) — G(W; /pN)>, ker (Autcont,(Rg,H’j) — Aut(Rg,, ; /méfu,j))
respectively. The congruence topology on Jgnt and Auteont. (Rg,, ;) is the unique group topology
such that the N-congruence subgroups form a neighborhood basis of the identity.

The groups Jgnt(N ) can be given the following useful alternative description.

Notation 3.16. Let Q be a (G, u)-aperture over a p-nilpotent ring R. For each N > 1, denote
by Qp its N-truncation, i.e., its image in BT?\}“(R). We then write
Kn(Q) := ker (Aut(Q) — Aut(Qn)) .

2By definition 2 @ Z/p" denotes the pushout of 2 along §(Z,) — $(Z/p").
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Proposition 3.17. For N > 0 one has
JI(N) = Kn(b) = ker (Aut(b) — Aut(bN)>.

Proof. Without loss of generality we may assume that the Hodge filtration of b is P,. By [MY26,
Remark 3.2.20| (and the references therein) one has

Aut(bN) g Wo(H](\'lfl)) =T (9(Wj/pN) Xg(kj/LpN) P#(kij/LpN)) .
Now, a quick calculation shows that there is a short exact sequence
0= (a/pi)(ky) = To(HY) = S(W;/p™) xg(4,) Pulky) = 1

We claim that the image of Aut(b) in Wo(H](\//L)) intersects (g/p,)(k;) trivially. This will then

prove our claim as we will then have that the image of Aut(b) in Aut(byx) embeds into G(W;/p™).
To see trivial intersection, take g in Aut(b) C G(W;) whose image g in 7T0(H](\7)) lands in

(9/p,)(k;). In particular, we see that g maps to the identity in G(W;/pY). From the bijection

exp: pNgW]. = {ge9(W;):g=1 mod pN},

which exists for N > 0, we deduce that g = exp(p™¥z) for z in gw,. Unraveling the definitions

shows that z =g mod p as elements of (g/p,)(k;). Thus, we must show that the reduction mod

p of x lies in p,(k;). Using Proposition 2.36 it suffices to show that the reduction of x lies in the

0t filtered piece of the Mazur-Nygaard-Ogus filtration on gk, But, by taking logarithms of the
equality gbo(g)~! = b we deduce that x = Ad(b)(o(z)) which implies the claim. O

We now aim to prove the following (cf. the proof of [Sch13b, Proposition 3.15]) which, in
particular, says that the map Jg“t — Autcont. (Rg,y,,;) is continuous for the congruence topology.

Proposition 3.18. Let r and t be positive integers. Then, there exists an N =1 such that every
g in ;" (N) lifts to an element & of Ky(Q(r)), where Q(r) = Q)™ g, L

Before we prove this, we establish the following modified Grothendieck—Messing lifting lemma.

Lemma 3.19. Suppose that s > 1 is an integer and that R — R = R'/I is a square-zero
thickening of W -algebras such that p° R = 0 and pI = 0. Fiz Q' in BTI*(R') and set Q = Q'|g.
Then, for any « in Ks(Q), one has that o lies in the image of Ks(Q') — K4(Q).

Proof. By the Grothendieck—Messing theorem (see Theorem 2.7) one has a Cartesian diagram

BT/ (R')) ————— BP,(R))

| !

BT?#(R) —— BS(R') x pg(r) BPu(R).

So, let a be in K4(9). To lift a to an automorphism & of £’ it suffices to give an automorphism
B of Filfg, Tar(Q') in BP,(R') and an identification of the images of o and 3 in the groupoid
BS(R) X gg(r) BPu(R). We may take 3 = id, as long as we can justify that a induces the
identity on the pullback along the map Spec(R') — R™™. But, as R’ is p°-torsion, this factorizes
through R®™ @ Z/p®, and thus the claim follows as « pulled back to R%™ @ Z/p® is equivalent
to as which is the identity by assumption.

Now, a priori @ does not lie in K4(Q'). But, if H = Aut(9Q.), a finite type affine group
R/-scheme, we have that a; lies in

ker (H(R') = H(R)) ~ Homp: (e*Qp s, 1),
where e is the identity section. But, by assumption this is a p-torsion group, and thus we see

that o is trivial. Thus, a? is in Ks(Q') and lifts oP. O
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Proof of Proposition 3.18. Choose m > 1 so that we have an isomorphism
exp: p"gw; — {g € G(W;):g=1 mod p™},
with inverse given by log. Set ¢ = max{m,r,t}. Then, we claim that N = ¢ + r is sufficient.
So, for g in J™(N), set h = exp (p*(“l) log(g)); note that this makes sense as log(g) belongs
to pNng and N > r — 1. We claim that h is in J™ (¢ + 1) and hP"' = g. Indeed, the latter is
clear by setup, and the equation gbo(g)~! = b gives log(g) = Ad(b)o(log(g)) which is preserved
by the division and exponentiation. Proposition 3.17 then gives that h is in K (b).

We now build & inductively. Start with 81 = h. For 1 < i < r, one has that mi9 i /m
l+1 I,

S.m.j T

3.19 gives inductively Bi+1 in Kq(Q(i 4+ 1)) whose restriction to Rg, ;/mg , . is B?. Thus

Belr, = W =g and (8,); = 1. Thus, we may take & = £, O

i+1
S.p.3

is square-zero and killed by p, and moreover we have that p?Rg ,, ;/m = 0. Thus, Lemma

Finally, we use Proposition 3.17 to establish the following uniformity condition for the action
of the topological group Ji"* on the space Dk (9, b, ).

Notation 3.20. For any m > 1, write X,,, € D(G, b, u) for the affinoid open subspace given by
X, = {x € D(G,b,p) : |f(z)] < |p| for all f € mg%’j}.

For any compact open subgroup K C G(Z,) set Y := 7' (Xyn), which form an increasing
int

cover of J;"-stable affinoid open subspaces of Dk(G, b, 11).

Proposition 3.21. Let K C §(Z,,) be a compact open subgroup. Then, for every open neighborhood
Ay, . C U there exists N > 0 such that F;/K’m C U for every g in J"*(N).

K,

In the statement of Proposition 3.21, and its proof below, we write Féf) to indicate we are
considering the graph of the action of g on (—).

Proof. Without loss of generality, K = K,, for some n. Denote by pr; for i = 1,2 the projection
maps D(9,b, 1) X Spt(W;) D(9,b, 1) = D(G,b, ), and further abbreviate Qg}g" to Q. Over the
closed point of ©(G, b, i) X Spf(W;) D(G, b, p) there are tautological identifications of prifQ,, and
pr3Q,: Set J,, to be the completion of Isom(priQ,, priQ,,) at this point. This formal scheme is
affine and Noetherian by Theorem 2.7 and Remark 2.6; let us write J,, = Spf(S, n).

For g in K, (b), the action on the universal deformation induces an isomorphism Q,, ~ ¢*Q,
whose restriction to the closed point is the identity of the truncation b,. Together with (id, g),
this thus defines a morphism ©(G, b, 1) — J,, which we denote s,. By Proposition 3.17, these
morphisms are defined for every g in Ji"*(N) for N > 0.

Now, fix r > 1 an integer. Applying Proposition 3.18 with t = n gives, for N > 0, a lift a in
K,,(Q(r)) of an element g in J™(NN) whose inverse identifies the universal framed deformation
modulo mg , . with its g-translate. Representability (and thus discreteness) of the deformation
functor implies that g acts trivially on Rg , ; /mg i Since & has trivial n-truncation, uniqueness

* ok r
g =5 modmg ..

of the framed comparison gives us an identification s
Consider then the affinoid

Z={z€ @)y 1f(=)] < Ip| for all f €n™).

Note that both projections pr; send Z into X,,; let us abbreviate them as the maps p1,p2 : Z —
Xy Moreover, observe that sq(X,,,) C Z for every g in J™(N) for N > 0. Thus, since mg g 18

bounded by ]p|LT/ ™) on X,,, the preceding congruences applied to affinoid generators of Z imply
that for every a in O(Z) and € > 0 one has, up to increasing N, the bound |[spa — sjal|sup x,, <€
for every g in J"'(N).

Applying Ty to the tautological isomorphism u: priQ, — prjQ,, gives an isomorphism between
the two pullbacks of the K,,-level cover to Z. This isomorphism commutes with the right action
on framings, and so descends to a Z-isomorphism

0:p1Yipm — P3YKkpm, o] ¥ [Teg(u) 0 al.
48



Consequently there is a morphism
€: pTYKn,m — YKn,m ><Spa(KJ-) YKn,rm €= (erKn,m’ erKn,m 09),

where the second projection is taken from p3Yk, . Along sy, the map e pulls back to y — (y, gy),
and along s; it pulls back to the diagonal map.
Let 7: piYk,,m — Z be the finite projection map. Since 7 is closed, the subset

V=27 —n((p{Ye,m) — ¢ (U))
is open, contains s1(X,,), and satisfies 7=1(V) C e 1(U). As X,, is quasi-compact, choose
finitely many rational open subspaces
Wi={z€Z:]a;(2)| <|di(2)| #0for 1 <j<ri} CV,

with a;; and d; in O(Z), whose union contains s1(X,,). Set T; = s;'(W;). On each rational

affinoid 7;, the function sjd; is invertible and its inverse has bounded supremum norm. Thus,

the preceding uniform estimate gives, for N > 0,

S;di — S’{ 7
Sle

SqQij — S1Gij

<1
Sle

sup,T;

<1,

sup,T;
for every i,j and every g in Ji™(N). Thus, we deduce that s4(T;) C W; for every i, and so
5¢(Xy,) € V. From this it follows that F;/K"’m C U, as desired. O

3.3. The local test functions ¢, ;. We finally come to the definition of the local test functions
qﬁf ;f which serve as the deeper-level contribution to the cohomology of Shimura varieties.

3.3.1. Hecke algebras and representations. We first establish some basic notation and results
concerning Hecke algebras and their relationship to representations.
Setup 3.22. Throughout the following we fix

e G to be a unimodular locally profinite topological group;
e a Haar measure dg giving rational volumes to compact open subgroups;
e F' to be an extension of Q.

Definition 3.23. The F-Hecke algebra for G is
Hp(G) :={f: G — F locally constant and compactly supported} .

For a compact open subgroup K C G we write H (G, K) for the subset consisting of functions
f which are K-bi-invariant, i.e., f(k1gks) = f(g) for all k; and ks in K. The F-Hecke algebra
Hr(G) is an associative F-algebra with convolution product x:

(s )@= [ HEREg)dh
When F' = Q we drop it from the notation, yielding the notation H(G) and H(G, K).

Notation 3.24. For g in G and K C G compact open we write e(g, K) for the indicator function
m%(K)llKgK. We shorten e(1,K) to e(K).

Definition 3.25. An F[G]-module V is called smooth if V = [J VK as K ranges over compact
open subgroups of G. We say that V is admissible if each VX is finite-dimensional as an F-space.

Notation 3.26. If V is a smooth F[G]-module then it naturally inherits the structure of a
Hr(G)-module via the action:

hxx = /Gh(k)(ka;)dk

Notation 3.27. Suppose I' is a group acting F-linearly on V' in a way that commutes with the
action of G. Then V naturally obtains the structure of a F[I'] ® p Hp(G)-module. We abuse
notation and write v x h for the operator given by the action of v ® h.
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Definition 3.28. Suppose we are in the situation of Notation 3.27 and that V' is admissible. For
v in T and h in Hp(G), the operator  x h has finite-dimensional image. We define tr(y x h | V)
as its trace on any finite-dimensional (v x h)-stable subspace containing its image.

Observation 3.29. Suppose we are in the situation of Notation 3.27, and that K is a compact
normal open subgroup of G and g is an element of G. Then, v x e(g, K) is precisely the operator
v xe(g,K): V=1V, v (v xg)-of

where vK is the projection of v to VK and g is the image of g in G/K.
More generally, if K C G is an arbitrary compact open subgroup and g is in G, set K9 :=
KN gKg™L. Then, e(g,K) * v is precisely Trﬁg (g - v¥), where for an element w of VK? we write

Tl (w) = Z k-w.
kEK /K9

Thus, the action of e(g, K) factors as

Vo VK G paket ko TRe kg
If " acts as above, then the same description holds for v x e(g, K) after composing with .

3.3.2. The local test functions and their main properties. We now precisely state the
definition of the functions gzﬁg;f and their basic properties.

Notation 3.30. For g in §(Z,) and n > 1, we shorten e(g,K,,) to e(g,n).

Notation 3.31. Fix an algebraic closure K of K and let C denote its p-adic completion. Write
I'i for the absolute Galois group of K which agrees with the group of p-adically continuous
automorphisms of €' over K. For 1 < j < oo write ', for the subgroup of elements of I'c fixing
K;. For 7 in Wy with v(7) = 4, one has 7|k = o~/ and 77} g = o™/

Definition 3.32. For an integer 1 < j < oo, an element b in G(K), a compact open subgroup
K C §(Z,), and a prime ¢ # p, we define

Hi(Dk(S,b,1)c, Q) it b e S(W))a(u)(p)S(W;),
0 if otherwise.

HY(S,b, 11, K) := {
We then define

HY(SG,b,p) := lim  HY(S,b,p1,K),
KCS(Zp)

which carries an action of §(Z,) by modifying the level structure which commutes with the
natural action of the Galois group I'k;.

Remark 3.33. Let j' be oo or an integer divisible by j, b an element of G(Kj), and write b;s for
b viewed as an element of G(K). Then, we may observe the following:

o As G(K;) N G(Wy)o(u)(p)S(Wy) = S(W;)o(w)(p)G(W;), we have that b belongs to
S(W;)o () (p)G(W;) if and only if bjr belongs to G(W;r)o(u)(p)S(Wj).
e Remark 2.96 shows that Dk (9,b, u)c ~ Dk (G, by, p)c-

From this we deduce that the underlying ég—modgles H(G,b, 1, K) and H(G, b, i) are independent
of j, as the notation suggests; in fact so is the Q;[G(Z,)]-module structure on H*(G, b, ).

Remark 3.34. By the Hochschild—Serre spectral sequence we have that
HY(8,b, )" ~ H'(S,b, 1, K),
and thus H'(G,b, ) is a smooth G(Z,)-representation over Q,.
The following proposition implies that H%(G, b, i) is, in fact, an admissible representation.

Proposition 3.35. For any i > 0 the Q,-spaces H*(G, b, u, K) are finite-dimensional, and vanish
fori>d=dim(D(G,b,u)).
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Proof. We may assume that K = K,, for some n. As mg, : D, (9,0, 1) = D(G,b, p) is a §(Z/p™)-
cover we have a canonical isomorphism

H'(9,b, 11, Kn) = Het(D(S, b, m)cs (7, )«(Qe)),
and (7, )«(Qy) is a Q-local system. As D(G, b, u) ~ D(G,b, )y, and D(G,b, ) — Spt(W;) is
affine and formally of finite type, the claim then follows from Proposition A.10. (]
Notation 3.36. Let K C §(Z,,) be a compact open subgroup. Set

d d

H*(97ba M) = Z(_l)iHi(gvl% :u)v H*(gvbnu’ K) = Z(—l)iHi(S,b”u, K)v

i=0 i=0
considered as objects of the Grothendieck group of §(Z,)-admissible modules over the rings
Qull'x;] ®g, 9{@(9(21,)) and Q,[I'k;] ®g, J—f@(S(Zp), K), respectively.

Definition 3.37. Let 7 be an element of Wy with v(7) = j > 1 (and so contained in I'g;) and
h an element of H(G(Z,)). We then define the test function

oo G(K;) = Qp b tr (7 x h|H*(G,b, 1)) .
Our main result in this section is the following.
Theorem 3.38. The function %g:ﬁ is an element of H(G(K;)) which is independent of £.

Proof. By Observation 3.29 we need only prove the claimed properties for

fghin () = H%8, () = tx (v x gl H(S,b.1. Kn))

as g and n vary. We do this in steps, with Step 2 inspired by [Sch13b, Proposition 4.3].

Step 1: Rationality and (-independence. Write 2}V := Ty (Q™Y) and 28V ® Z/p" for
the induced G(Z/p™)-torsor. Then, Zi™V @ Z/p™ is represented by mx,, : Dn(G,b, 1) = D(G, b, ).
Thus, by Proposition A.13, our claim will follow if we can show that Q})‘ni" ® Z/p"™ extends to
the p-bounded generic fiber Spf(Rg , ;, (p))y; see Definition A.2.

But, this follows from integrability as in Remark 2.6. From loc. cit. we see that the (G, u)-
aperture Q™Y on Spf(Rsg,u,j, Mg, ;) extends to a (G, u)-aperture on Spf(Rg ,, ;, (p)), and applying
étale realization provides the desired extension of 2™V, and thus 2™ ® Z/p".

Step 2: Local constancy. Fix b in §(W;)o(u)(p)G(W;) and consider
Fy: G(Ks) = G(Kx), ¢ cbo(c)™t
This map is open by [Sch13b, Lemma 4.4], and thus so is the following neighborhood of b

0 1= 13 e (5(0W2c) = 5 (W /) ) NSOV} S5

Suppose that b’ lies in U}, and fix ¢ in ker(§(Weo) = G(Wao/pV)) with ' = cbo(c) ™. Letting
boo and bl denote the elements b and b’ thought of as elements of §(Wy)o(1)(p)G(Weo), we see
that ¢ gives an isomorphism D (G, boo, i) — D(G, b, 1) and so by Remark 2.96 an isomorphism

Vet 'Dn(gabvﬂ)C = 'Dn(g,b/,,u,)c,

which is evidently G(Z/p™)-equivariant but, a priori, not T-equivariant. In particular, let us
denote by 7, and 7 the action of 7 on the left-hand and right-hand sides, respectively.

Set a. = ¢ r71(c) = ¢ 10" (c). Since b and V' are fixed by 0"/, comparison with b = cbo(c)~
gives acbo(a.)~' = b. Moreover, a. = 1 mod p, so a, is in Jbi:i(N). Naturality for the scalar
Galois action then gives 7y 0 ¥ = ¥,-1() © 75, and thus

1

19::_10(7-0Xg)oﬁc:aco(TbXE)'
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So, assume that for N > 0 any such a. acts trivially on cohomology. Then, we deduce that, in
fact, the map induced by 9. on cohomology is T X g-equivariant and thus

‘o3 (b) = tr (T x gIH*(G,0, . Kn)) = tr (7 x gIH*(G,0, . Kn)) = ‘@50, (1)

Constancy of Zqﬁ%’; n on UL for an element b in §(W;)o(u)(p)G(W;) handles local constancy on

G(Wj)o(w)(p)G(W;). But, as this set is closed and %?;gm is identically zero on the complement,
it actually fully handles local constancy.

To prove that for N > 0 any such a. acts trivially on cohomology it suffices to prove
the following stronger claim: There exists some N > 0 such that Jli)if(N ) acts trivially on
H¥ (G, bso, 1, Ky,) for all 4. To prove this, observe that from [Hub96, Lemma 3.9.2] and the rising
open cover Dy, (G, boo, 1) = U,,, Yk,,,m, we deduce that

Hl(gv b007 22 Kn) = @Hgt((YKn,m)Caéf)'

As the left-hand side is finite-dimensional by Proposition 3.35 we deduce that for some m

Hz(ga bOOv M, Kn) — Hét((YKn,m)CaGZ)'

Thus, for fixed i the claim follows by combining Proposition 3.21 with [Sch13b, Proposition 2.6].
Taking the maximum of N over ¢ = 0,...,d then gives the desired claim.

Step 3: Compact support. As we know that %255 n 18 locally constant, it suffices to show that
it is supported in a compact subset of G(kK;). But, by definition, we have that the support is
contained in the compact set G(W;)o(u)(p)G(W;), from where the claim follows. O

Definition 3.39. Let 7 be an element of Wy with Frobenius-valuation v(7) = j (and so contained
in I'g;) and h an element of H(G(Z,)). We then write ¢§ﬁ for the unique element of H(G(Kj))

equal to Zqﬁf’ﬁ for any ¢ # p. When §G and p are clear from context we shorten this to ¢, .

3.3.3. A formula for ¢,; when p is central. We end this section by giving a description of
¢r,n in the simplest case: when p is central (e.g., § is a torus). The reason that this centrality
assumption is so simplifying is that it forces ©(G, b, 1) to be a point.

Our ultimate calculation will use (G, pu)-apertures with u central in two specific cases: (a) the
setting where p is trivial but b is arbitrary; (b) the setting where p is arbitrary but b = o(u)(p),
the so-called Lubin—Tate case.

The p-trivial case. We first discuss some features of BT9# when p is trivial.

Setup 3.40. Let u be an element of §(W;) = G(W;)o(1)(p)G(W;), where 1: G, z, — G is the
trivial cocharacter. For notational clarity, we depart from the convention of Setup 3.2 and write
Q. for the (G, 1)-aperture over k; corresponding to (Gw,,u) as in Setup 2.49.

Remark 3.41. By [GM26, Proposition 9.4.1] one has an equivalence F': BT9:! ~ BS§(Z,); in
particular BT9:! — Spf (Zp) is formally étale. Under this equivalence Ty (Q) ~ F(Q),.

Notation 3.42. Since BT9! — Spf(Z,) is formally étale, the (G, 1)-aperture 9, admits a
unique deformation to W; which we write 9.

Construction 3.43. Note that Ty (Q,) is a §(Z,)-bundle over K, and so trivial over C'. Choose

an element a of Tét(ﬁu)(c), i.e., a trivialization §(Z,)c — Tét({ju)c.

For any 7 in W with v(7) = j there is a unique element s,, - of §(Z,,) such that 7(a) = asyq.r-
It is simple to check that, up to §(Z,)-conjugacy, Sy.q,r is independent of o and 7, and only
depends on the o-conjugacy class of wu.

Definition 3.44. Construction 3.43 gives us a map
Shj: §(Wj)/o-conj. — G(Z,)/conj.

which we call the integral Shintani class map.
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We would now like to explain the terminology for the above map.

Construction 3.45. To explain this terminology, set d to be [K; : Q,] = rj and, for n > 1,
let G,, be the connected group Fp-scheme obtained by the Greenberg construction applied to
9Wn(ﬁp); see [Stal2, Definition 2.1, Proposition 2.2, and Proposition 4.3|. If F' denotes arithmetic
Frobenius, then there are natural identifications:

— d —
Gn(Fp)™ =~ G(W;/p"),  Gu(Fp)" = S(Z/p"). (3.3.1)

Thus, taking F; = F? and F, = F in the usual Shintani norm gives a bijection
S(W;/p")/ ~o> S(Z/p")/conj.; (3.3.2)

see [SS04, §1.1]. We have identified the twisted-conjugacy convention of loc. cit. with ours by
replacing the conjugating element with its inverse.

More explicitly, let u, be an element of G(W;/p™), and choose ¢ in G, (F,) with u, = cF(c)™!
(which exists by Lang’s theorem). Setting a@ = ¢~! gives u,, = a~!F(a), and the definition of the
Shintani norm shows that the image of u,, in the right-hand side of (3.3.2) is represented by

an = Fc) e € G, (Fp)F = 9(Z/p"); (3.3.3)
cf. [SS04, §1.4 and (1.5.1)].
We now compare this construction with the integral Shintani class defined above.

Proposition 3.46. For u in G(W;) one has that the image of Shj(u) in G(Z/p™)/conj. agrees
with the Shintani construction applied to u, =u mod p" in G(W;/p").

~

Proof. Write ﬁun for the n-truncation of ﬁu The equivalence BT%1 — BY(Z/p") from
[GM26, Proposition 9.4.1] carries 5.5“” to the torsor Psyn(ﬁum) = Isom(S,ﬁum) of syntomic
trivializations. Unraveling the quotient description in the proof of loc. cit., and using our
convention for o-conjugacy, identifies the geometric points of this torsor with the elements ¢
satisfying u,, = cF(c)~ 1.

Applying étale realization to the universal syntomic trivialization gives a G(Z/p™)-equivariant
map from the generic fiber of I‘Syn(ﬁu,n) to (the frame torsor of) Te(Qy.,) which must be an
isomorphism.?® Finally, an element 7 of Wi with v(7) = j acts on this unramified torsor through
geometric Frobenius on kj, which is F~%. Since a,, belongs to G,(F,)’, one sees from (3.3.3)
that F'~%(c) = ca,. Thus, T acts on the frame ¢ by right multiplication by the usual Shintani
norm of u,, as desired. U

Remark 3.47. We finally remark that one can view the integral Shintani class construction as
an integral analogue of Kottwitz’s rational norm construction; see Definition 5.25 below.

Example 3.48. Suppose that G = T is a torus. Then, the integral Shintani class is something
more classical; it is the norm map:

Shj(u) = Nrg, jq, (u) = uo(u) - - o (w).

Indeed, after passing to an unramified extension which splits T, it suffices to treat T = G,,,, where
one can make the same calculation as in the discussion following [Sch13b, Definition 3.3].

28This is also immediate from the description of the étale realization by Frobenius-fixed frames in [MY26,
Construction 3.8.1].
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The Lubin—Tate case. We now turn our attention to the aforementioned Lubin—Tate case.

Setup 3.49. We set the following notation:

e Z:=7(9)°, and observe that p factorizes through Zyy;
e Jy:= ResW/ZmeW;
e normalize the Artin reciprocity map

Artre: WP =5 75(Q,) = K~
so that Artx sends geometric Frobenius to p.

Remark 3.50. Using the decomposition W @z, W ~ W", let pug: Gpw — (To)w be the
inclusion in the first factor. Define the reflex norm attached to p to be the morphism

Res Nr
ru: T eswzy 1), Resyyz, 2w — 25 2. (3.3.4)

The construction in [GM26, §10.4.2] gives the identity
(ru)w o po = p. (3.3.5)
Notation 3.51. For 7 in Wx with v(7) = j, set ¢r := 1, (p Artg (7)) in 2(Z,).

Setup 3.52. Let &g be the Lubin-Tate formal W-module associated with pX + X9, and let £; !
be its (To, pg *)-aperture under the covariant construction of [GM26, Proposition 11.7.6], with
the type written in our filtration convention. Writing ¢: Ty — T for inversion, set £o := 1. £, L
Thus £y has type po, and its filtered F-crystal has Frobenius factor o(uo)(p).

Definition 3.53. Set £, to be the pushout of £y along r,. The filtered F-crystal underlying £,
then has Frobenius factor o(u)(p) by (3.3.5).

Remark 3.54. By [GM26, Proposition 11.8.2] and compatibility with duality, the rank-one
W-local system associated with T (£o) is the ordinary W-linear dual of T),(&y).

Notation 3.55. Write xpr: Wx — W for the character of the rank-one W-module T},(®y).
Remark 3.56. From Lubin-Tate theory one has that if v(7) = j, then xpr(7) = p~7 Artg (7).

A description of ¢, for central ;. With the above discussion, we are now ready to state
and prove the formula for ¢, when p is central, generalizing [Sch13b, Proposition 4.10].

Definition 3.57. For a conjugacy class ¢ in §(Z,), and an element h of H(G(Z,)), we write
Av(h)(c) == / h(z"tazx) dr,
5(Zp)
where a is any representative of ¢; this is independent of the choice of a.
Setup 3.58. We suppose that p is central and that b is in G(W;)o(p)(p)S(W;). Set

wy := bo () (p)~" € (W)

and define a; ;, up to conjugacy in §(Z,), by the formula [a; ] = [¢ - Shj(up)]; the product is
unambiguous because ¢, ; is central.

Proposition 3.59. With setup as in Setup 3.58 one has:

S50 = {0Av<h><[ab,4> i b S(I)oIS(W,) 336)
In particular, if G = T s a torus, then
S50(5) = {g (7 (&7 Artic (7)) Nuge, o, (b () () 7)) ifthb € SIS oy o

54



Proof. The formula for tori follows from the general formula via Example 3.48 and a simple
calculation. Thus, we focus on the first formula. Moreover, as both sides vanish when b is not in
G(W;)o(p)(p)S(W;), we may assume that b lies in this double coset.

As p is central, one has that ﬁ;j = Spf(W;) and thus by Theorem 2.95 we have D(G,b, u) =
Spa(Kj). Let Py := D(G,b, 1)(C) which is a trivial right §(Z,)-torsor, and fix a base point
a in P,. There is a unique my, ;o in §(Z,) such that 7(a) = amy . Changing a conjugates
M 7.q, S0 the conjugacy class [my, - o] is independent of all choices.

We first compute qbff’f(b) in terms of this class. Assume first that h = e(g,n) for some g and
some n. Then, as Dn(s’j, b, u)c = Py/K,, is a finite disjoint union of points, we have the following:

H*(8,b, 1, Kn) = H(G,b, 11, Kn) = Qu[G(Zp) /Kn].
Under this identification, 7 carries zK,, to my ;2K and g carries zK,, to zg 'K,,. Thus, 7 X g

carries zK,, to mbmaazg_lKn. Consequently,

tr (7 x e(g,n) | HY(S,b, 1, Kn)) = # {zK, : 7m0t € 9K}
— [ gm0 do
5(Zp)

= Av(e(g,n))([mi.r.0])-

By summing we deduce ¢§;: (b) = Av(h)([mp,r,a)) in general. It remains to show [mp ;o] = [ap,-].

To this end, set z, = o(u)(p) and uy = bz, '; note that z, belongs to Z(K) and that uy lies in
G(Wj). Let Qu, be as in Notation 3.42, and let £, ; be the base change of £, from Definition
3.53 to W;. Consider the multiplication map

m: §Gx2Z—G, (9,2) — gz,

which gives rise to a (G, u)-aperture over W; by Q = m, (ﬁub, £,,;). Under the equivalences in
Setup 2.49, Qy; corresponds to Gy, with Frobenius upz, = b; thus Q is a deformation of the
(G, n)-aperture over k; associated to b. As ﬁ;] = Spf(Wj), we then conclude from Theorem
2.95 that Q ~ Q™. Note that he two factors definining Q have étale monodromy Sh;(u) and

ru(XLT(T)*l) = ¢,,7, respectively. Compatibility with products and pushouts therefore gives us
the desired equality [mp o] = [cu, Shj(up)] = [ap 7). O

Remark 3.60. Let us observe that for K = Q,, § = G, and pu(t) = t~1, the formula (3.3.7) is
supported on p_IWjX and there it is equal to

h (Artg, (1) Nrg , 0, (1)) -
This then is precisely the formula of [Sch13b, Proposition 4.10|, with b = dg,,, .

3.4. A shtuka-theoretic description of the test functions. In this section we give an
alternative definition of ¢;j in terms of local Shimura varieties. Throughout we assume j < oo.

Notation 3.61. Denote by Perf 4, for a p-adically complete ring A, the category of characteristic
p perfectoid spaces S equipped with a map S — Spd(A). For any other undefined piece of
notation or terminology, we direct the reader to the comprehensive discussion in [PR22, §2-3].

Definition 3.62. A tame local Shimura datum is a triple (H, ¢, {v}) where H is a parahoric

group Z,-scheme with generic fiber H, {v} is a conjugacy class of minuscule cocharacters of H@ ,
P

and c is an element of H (Qp) inducing an element of B(H, —v).

Definition 3.63. For a tame local Shimura datum (X, ¢, {v}) with reflex field F', define
Mi%nfq{y}: Perfoﬁ — Set,

by assigning to S — Spd(O ) the set of isomorphism classes of tuples (St, P, b, i), with:

e 5% an untilt of S over O associated with S — Spd(0);
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o (Z,6») an H-shtuka on S with leg along S* bounded by {v}; see [PR22, Definition
2.4.3[;
e and i, a framing (see loc. cit.).

By [SW20, §25.1], the presheaf M2* (v} 15 a small v-sheaf (in the sense of [Sch22, Definition
12.1]), called the integral local Shimura variety associated with (3, ¢, {v}).

Definition 3.64. We write My . 1,1 for the generic fiber of Mﬁtc ) and call it the local Shimura
variety associated with (H,c,{v}). To the universal H-shtuka (Z"™, ¢ suniv) over My 1)
there is associated a natural H(Z,)-local system P™V; see [PR22, §2.5.1]. We write Mt e {v},00
for the covering parameterizing trivializations of P"™V, and for any compact open subgroup

K C H(Z,) we write M:}(,c,{u},K for Mg{,cv{y}m/K.

To our fixed triple (G, b, 1) we may associate a tame local Shimura datum and a natural point
on the special fiber of the associated integral local Shimura variety.

Construction 3.65. Set 3 = 0 !(bs). Then, the prismatic realization of the aperture by
has Frobenius (3; see Remark 2.21 and [IKY25, Proposition 1.1]. Moreover, itts associated
shtuka is bounded by {—u}; see [[to25a, Example 5.1.9]. We then obtain a local Shimura datum
(G, boo, {—p}), with reflex field F C K.%

The quasi-isogeny represented by 37! identifies the (crystalline realization of the) prismatic
F-crystal with the isocrystal associated to byo: (871) " thea(871) = 3. Thus f71G(W) defines

a point xg of X¢(boo, {t})(k) and hence a point of Mg‘%m (=} See [Ito25a, Remark 5.3.2].

We can then define the shtuka-theoretic analogue of the deformation space and Berthelot tube
at this point, using the material (and notation) from [Gle22].

Definition 3.66. We define (Mg {—M})?ﬂfo to be the formal neighborhood of Mg - (—uy 2 T0
in the sense of [Gle22, Definition 4.18].

Definition 3.67. The shtuka tube at b with K-level structure is
int ® o int A _
( lgrtboo’{fnuf})/Io,K T <Mg§boo,{fp,})/wo XMlgn,tboo,{—N} MSyboov{fﬂ}:K'
Remark 3.68. Suppose j < oo, set d = rj, and write By = bo(b)--- 0% 1(b). Let ® be the

[K : F]*-power of the Weil descent datum on Migngoo (_y s in [PR22, §3.1.1, equation (3.1.6)].%°

Since Bgb = bo(B,), we have an endomorphism [By] of Migngoo (- given by precomposing the
framing 4, by Bgl, and we then define U, ; = ®J o [B,]. One can check that by setup Uy, ; gives

a Weil descent datum to K; on (Mg} {—M});\xo and (Mg} {—M});@ﬂlo « for all K.

We then have the following comparison between aperture tubes and shtuka tubes.
Theorem 3.69 ([Ito25a, Theorem 5.3.5]). There is a Weil-descent-datum equivariant isomorphism
Spd(Rg,“,j@)Wj Woo) = (Mgtzoo,{*u});\mo’

of v-sheaves over Spd(Wso). Moreover, the pullback of the universal G-shtuka is isomorphic to
Tone (Qp™Y), where Ty, is the shtuka-realization functor from |[IKY24b, Construction 3.20].

Proof. This follows by applying the construction in the proof of [[to25a, Theorem 5.3.5] to the
prismatic realization of Qi™V, with marking 87!, using [[to25a, Proposition 7.1.1]. One then
explicitly calculates that this identification is equivariant for the Weil descent data we have
defined in Remark 3.68. (]

The following then is an immediate corollary given [IKY24b, Theorem 3.21| which says that,
as Tyne (Qp™V) is the universal shtuka (Z"™V, ¢ puniv ), Tee(Qp™Y) is P,

291 the following we implicitly identify O with W.
30Recall that we are only assuming that the reflex field F' of y is contained in K.
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Corollary 3.70. For every neat compact open subgroup K C G(Z,) one has a Weil-descent-data
equivariant isomorphism of v-sheaves over Spd(K)

O ~ int ©)
DK(ga b7 /J’)[{oO — (Mlgrtbom{—u})/zo’K‘
Using this, we can now immediately rewrite our test functions in purely shtuka-theoretic terms.

Definition 3.71. For ¢ # p and K C §(Z,), put

tht(gv b, s K) = Hét ((Mign,tl;oo,{—u})(/@zo,K XSpd(Koo) Spd(0)7Q€> .

We further set

* Hsiht(g? bvu) = th Hsiht(97 bv Ky K),

e H3.(—) to be the associated alternating sum of cohomology groups.

Each Hsiht(S, b, i, K) carries its natural I';-action, using the Kj-descent of Remark 3.68. More-
over, modifying the level gives HY (5,b, 1) a commuting smooth §(Z,)-action.

Proposition 3.72. Fiz 7 in Wi with v(t) = j > 1, and h in H(G(Zp)). Then:

S5(h) = {tr (7% b | H3(S,0.)) b€ SOW))a(w)(n)S(W5), (3.4.1)

0 otherwise.

Remark 3.73 (A conjectural parahoric extension of test functions). While we only defined
HZ, (G, b, 1) for reductive G, the same definition makes sense when G is parahoric using Definitions
3.63 and 3.64. Then, (3.4.1) provides a definition of qﬁ?ﬁ for arbitrary parahoric §. Such a
definition is attractive as every reductive group over Q, admits a parahoric model.

That said, many of the finer arguments about qbg’;f made above require deformation theory,
something inaccessible to the shtuka perspective (vx;hich is nil-invariant). Thus, while one can
currently define the local test functions ¢§’” , and likely prove a version of the primitive trace
formula for Shimura varieties at bad level (sée Theorem 4.67), their finer properties are not clear.
It would be better to define them with (9, p1)-apertures, when such objects have been defined.

3.5. Comparison to previously constructed functions. In this final subsection, we compare
the local test functions ¢, j, constructed above with the functions of [Sch13b| and [Youl9].

3.5.1. Comparison to [Sch13b]. On [Sch13b, pp. 236-247]|, Scholze considers certain (G, b, i)
of what he calls (quasi-)EL or PEL type.

Setup 3.74. Suppose that G arises from local (quasi-)EL or PEL data D as on [Sch13b, pp.
236-247|, with the center F' of B unramified over Q, and p > 2. For clarity, let us write pgep for
Scholze’s cocharacter and A for his chosen faithful representation of §. We further write w(t) for
multiplication-by-t map on A, and set p = pugep — w.

Remark 3.75. For ease of comparison, we comment on the dictionary between the notations
from this paper and those used in [Sch13b|:

e in our notation, Scholze’s E and kg are our K and k; respectively,3!
e Scholze’s r equals our 7j = [K : Qp]; thus k;j ~ F,»; and K; ~ Q,rj;
e Scholze’s § is our b, and his cocharacter is useh = u + w.

Setup 3.76. Let Hy be a p-divisible group with D-structure over k; as defined in [Sch13b,
Definition 3.3].

Notation 3.77. For visual clarity, let us write ¢ for the function in [Sch13b, Definition 4.1].

31A1though Scholze further assumes that K is the minimal field of definition of p, i.e., the reflex field.
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Proposition 3.78. With setup as in Setup 3.74, and for a compact open subgroup K C §(Z,),
there are natural identifications compatible in K and equivariant for the Weil descent data:

D(9,b,1) = Spf(Ry ), Dk(S,b,p) ~ X5y,
where b = §. Consequently, we have the equality qbgﬁ(b) = ¢§C}}Ll(5)

Proof. To give an isomorphism Dk (G, b, p) ~ Xﬁ§ k Wwith the desired compatibilities, it suffices to
give an isomorphism D(G, b, u) ~ Spf(R7 ) equivariant for the Weil descent data and matching

25
T (Q4™Y) with the G(Z,)-bundle obtained via Tp,(Hy ) as on [Sch13b, p. 240].

So, let us write Moy as in Remark 2.77. Then, the filtered crystalline realization (see Theorem
2.76) of Meoy(H) is given by D(H)Y ~ D(HP)(1), where we write H? for the Cartier dual. From
this, we deduce that Scholze’s covariant Frobenius pdo becomes do, and the filtration has type
tseh — w = p. Thus, [Kim18, Theorem 3.6] and [IKY?24a, Proposition 3.4] identify the universal
filtered crystal with extra structure with the quintuple associated to D;)mi" as in Notation 2.91.

Note moreover that the covariant construction respects the endomorphisms and twisted
polarizations; see [GM26, §11.6]. From this, we deduce that its étale realization is the universal
Tate module by Remark 2.77, giving the required identification of the §(Z,)-torsors. U

Remark 3.79. In Proposition 3.78 we only verified the agreeance of the functions in the case
when both are in the not-identically-zero case of their definition, but equality holds in general.
Namely, Scholze defines ¢§Cf};(5) to be zero unless both of the following conditions hold:

e J is associated, by [Sch13b, Proposition 3.10], to a p-divisible group with D-structure;
e that p-divisible group has controlled cohomology.

But, controlled cohomology is automatic in the relevant cases by [Sch13b, Proposition 3.12].
Moreover, by [Sch13b, Proposition 4.7] and its proof, the first condition is equivalent to ¢ belonging
to S(W;)p~to(usen)(p)S(W;). Since p~to(usen)(p) = o(u)(p) and b = 4, this is precisely our
support condition.

Remark 3.80. Let us emphasize the symmetric difference between the cases considered in this
paper and those considered in [Sch13b]. Scholze’s work can only handle EL or PEL situations of
type A and C, excluding all orthogonal PEL-type situations, many abelian-type situations, and
all exceptional cases. That said, Scholze’s setup allows him to deal with some ramified cases, i.e.,
when G is not reductive.

3.5.2. Comparison with [Youl9]. In [Youl9, §§3.2-3.3 and 4.1-4.3|, there is defined local test
functions using towers attached to deformation data of Hodge type and of two special classes,
so-called good data of Type 1 or Type 2, of abelian type. We compare those functions with ours,
but in the Type 1 case, the comparison requires the extra datum introduced below.

Remark 3.81. We use the following translation of conventions.

e The fields denoted F, kg, and Ej; in [Youl9] are denoted K, k, and K here.

e Theorem 2.76 and [Youl9| both use contravariant Dieudonné theory; the same Hodge
filtration is labelled by p here and by p~! in the convention of [Youl9, §3.2].

e The notation [b] from [Youl9] (which we temporarily adopt here) denotes a class of C;;(9).

e We will express the constructions of [Youl9| in our Hodge-filtration convention, including
the Frobenius pullback in [Kim18, Lemma 2.5.8]. Thus, with this, the notion of [b] being
adapted to (G, 1) as in op. cit., means that [b] lies in C}(G, o(p)).

Definition 3.82. A triple 0 = (G, [b], 1) is a deformation datum of Hodge type if [b] is adapted
to (G, ) and there is a faithful representation p: § — GL(A) with (p o u)-weights in {0, 1}.

A triple 0 = (G, [b], p) is a deformation datum of abelian type if there is a Hodge-type datum
91 = (G1, [b1], #1) and a surjective central morphism f: G; — § identifying 059 with 924, We call
01 an associated Hodge-type datum; it is good if Z(G1) has connected fibers and p; and p have
the same reflex field. The datum 0 is good if it admits a good associated datum.
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A good abelian-type datum is of Type 1 if an associated datum may be chosen so that
fder: gder — gder ig an isomorphism, and is of Type 2 if G is adjoint.

Notation 3.83. We decorate the objects of [Youl9] by a superscript . Thus, Dlo(bl) denotes
the Hodge-type tower attached to 91, and qﬁi ;, denotes the Hodge-type or Type 2 test function.

In Type 1, we use the notation gf)j ,, only after a Type 1 comparison datum (see Definition 3.84

below) has been fixed; it then denotes the function obtained from the contracted-product tower
in [Youl9, (3.48)—(3.49)].

Definition 3.84. Let 0 = (G, [b], 1) be a good Type 1 datum, and fix a good associated Hodge-
type datum 0; realizing Type 1. Set H = 9(11‘elr ~ Gder Using Theorem 2.95 and [Youl9, Lemma
3.1.5], we may identify the generic deformation spaces of ? and 91 through their common adjoint
datum: This is just the simple observation that g, ; only depends on adjoint data.

A Type 1 comparison datum consists of a proétale H(Z,)-torsor X, over this generic deforma-
tion space, equipped with Weil descent data, and Weil-equivariant isomorphisms of torsors

oo <@ G1(Z,) 5 DE(1),  Xow <P G(Z,) T Doc(S,bm). (B5D)

Proposition 3.85. Let d = (G, [b], 1) be of Hodge type, of good Type 2, or of good Type 1 equipped
with a Type 1 comparison datum. Then (bg,’f(b) = qﬁih(b).

Proof. In the Hodge-type case, choose p: § — GL(A) with (po p)-weights in {0,1}, and use A" as
the chosen faithful representation in [Youl9]. Then, by Theorem 2.76, the A-realization of Q})mi"
is M(H"V) for the universal p-divisible group. Dualizing and applying Remark 2.77 identifies
its AV-realization with T,,(H"V), respecting the tensors. Thus the underlying §(Z,)-torsor is
the Tate-module frame torsor used in [Youl9|. The construction and descent of the finite-level
covers in [Youl9, Theorem 3.2.13, Lemma 3.2.15, Proposition 3.2.18, and Corollary 3.2.20] then
identify the towers and their Hecke actions. The equality of functions then follows.

Suppose now that 0 is of Type 1. The first isomorphism in (3.5.1) supplies the reduction to the
derived subgroup required in [Youl9, (3.46)]. By [Youl9, (3.48)—(3.49)], the Type 1 tower is then
given by X xH(Zp) §(Zp). The second isomorphism in (3.5.1) identifies this tower, equivariantly
for all relevant data, with Do (G, b, ). The equality of functions then follows.

Finally, suppose that 9 is of Type 2, and put Z1 = Z(G1). As f([b1]) = [b], there is a g in G(WW})
with b = gf(b1)o(g)~!. The connectedness of Z; and [Youl9, Lemma 3.1.10] furnish us with a
lift g1 in G1(W;) of g. Replacing by by gi1b10(g1)~!, we may thus assume that f(b;) = b. The
construction in [Youl9, (3.52)—(3.54)] gives the Type 2 tower as Dl (01)/24 (Zp). The Hodge-type
comparison and the compatibility of Tz with pushout along G; — G34 ~ § identify this quotient
with Do (G, b, 1), compatibly with Weil descent and Hecke correspondences, as desired. O

Remark 3.86. When a Type 1 comparison datum does not exist, then the construction of the
tower in [Youl9] is not correct; one should instead use a Lovering-yoga type construction as in
[Lov17a, §§3.4.4-3.4.8] and [IKY24a|, which would then agree with our constructions here.

Remark 3.87. Even in their maximal generality, there are many examples of abelian-type
Shimura varieties giving rise to (G, b, u) (in the sense of Construction 4.56) which are not good
of Type 1 or Type 2. Thus, even in the abelian-type case the local test functions of this paper
are substantially more general than those considered in [Youl9|.

We give one simple example of such an abelian-type datum. Let H be a four-dimensional
symplectic Q-vector space, and let V' = /\g H be its primitive exterior square. The exterior-square
representation induces a central isogeny GSp, — GSO(V') with kernel po. The image of the Siegel
Shimura datum is the orthogonal-similitude Shimura datum of signature (3, 2). Geometrically, this
is the datum carried by the primitive second cohomology ngim(A) = /\g H'(A) of a principally
polarized abelian surface A. At every odd hyperspecial prime, this gives a good abelian-type
local datum which is not of Type 1 or 2.
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4. A TRACE FORMULA FOR SHIMURA VARIETIES AT BAD LEVEL

In this section we establish the primitive version of the trace formula for the cohomology of
Shimura varieties at subhyperspecial level using the test functions gbg’;f . We then explain how
one can, assuming an appropriate version of the Langlands—Rapoport cdnjecture (which is known
for abelian-type Shimura varieties), give a more refined version of this trace formula.

4.1. Integral canonical models of Shimura varieties. We first record the setup for the
theory of (syntomic) integral canonical models of Shimura varieties as in [IKY24a| and [MY26].

Throughout we use the standard theory of Shimura varieties as in [Del79] or [Mil05], and we
refer the reader to these references for basic details.

Setup 4.1. Throughout we fix the following unless indicated otherwise:

e (G,X) is a Shimura datum with Hodge cocharacter pj and reflex field E;
e Z is the center of G;
K C G(Ay) is a neat compact open subgroup which we assume can be factorized as
K = K,KP where K, C G(Qp) and KP C G(A});
Shik (G, X) is the canonical model of the associated Shimura variety over E;
we fix a prime p > 2 where G is unramified, and a place v of E lying over p;
we set E := E, and write O = W = W (k) where k is the residue field of E;
q = |kl =p";
Shg is used as shorthand for Shx (G, X)g;
we write G = Gq, and choose a reductive model § of G writing then Ko := G§(Z,);
for K,K’ € G(Ay) neat compact open and g in G(Ay) with g7'Kg C K’ we denote by
tK,K’ (g): ShK(G, X) — ShKl(G, X)
the unique finite étale morphism of these E-schemes given on C-points by
tkk (9)(G(Q)(z,9")K) = G(Q)(z,4'g)K’
using the standard double-quotient description of the C-points of Shimura varieties. We

abbreviate tk k/(id) to mk k/;
e [ # pis a prime.

4.1.1. Etale realization and automorphic étale sheaves. We now give setup that will not
only be required to formulate the notion of (syntomic) integral canonical model, but which will
also be central for the formulation of our desired trace formulae.

Definition 4.2 (|[KSZ21, Definition 1.5.4 and Lemma 1.5.5]). A torus T over Q is cuspidal if it
is isogenous to a product of a Q-split torus and a Q-torus that is anisotropic over R. For a general
Q-torus T, the anti-cuspidal part T,c C T is the minimal Q-subtorus with T /T, cuspidal.

Remark 4.3. One may also characterize T, as the smallest subtorus of the maximal anisotropic
subtorus T, C T that contains the maximal R-split subtorus of T,R, i.e., it is the Q-Zariski
closure in T of the maximal R-split subtorus of T, R.

Definition 4.4 (|[KSZ21, §1.5.6]). We define the cuspidal quotient G¢ of G to be G = G/(Z°)ac.

Notation 4.5. We will consistently write

G*€ for Gap;

pr¢: G — G€ for the natural map;

g€ for the corresponding central quotient of G; see [KP18, Proposition 1.1.4];
and pf for the cocharacter of G¢ induced by .

Remark 4.6. If (G, X) is of Hodge type, then G = G¢ (e.g., see [[KY24a, Remark 2.6]).
Example 4.7. Let (G,X) = (Resp/q GLoF, (f)i)[F:Q]) be a Hilbert modular Shimura datum

where F/Q is a totally real extension and h* = C — R. Then, (Z°),e = ReS}J/Q Gy, r: the group

of norm-1 units in F*. Thus, G # G°if F' # Q.
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We now wish to define the sheaves which form the coefficient systems for our trace formulae.
Definition 4.8. Writing K = K,K¢ C G(Ay) (where we temporarily allow ¢ = p), the map

!
K CKy

is a Ky/Z(Q)-torsor on the proétale site of Shy (G, X), where Z(Q), is the closure of Z(Q)NK in K;
see [KSZ21, §1.5.8]. The result in loc. cit. shows that K, — G¢(Q,) factorizes through K;/Z(Q),.
We define Etg ¢, the rational (-adic étale realization (at level K), to be the G¢(Qg)-torsor on the
proétale site of Shk (G, X) obtained by the pushout of (4.1.1) along K;/Z(Q), — G°(Qq).

Notation 4.9. We write Etk , for the pullback of Etk , to Shk.

Remark /Definition 4.10. From general Tannakian formalism (see [IKY24b, §2.1.2]), using
Etk ¢ we obtain an exact Qg-linear ®-functor

WK, RepQZ(GCQZ) — Locg, (Shk (G, X)).
For notational simplicity, for {: Gg, — GLq,(V) in Repg,(G©) we write
Fex = wre(€) = Bt NGV,
a Qg-local system on Shk(G, X). We call a sheaf of this form an automorphic local system.

Remark 4.11. Tracing through the definitions shows that if g = g,¢¢ in G(Ay), and Int(gf) is
the inner automorphism of G¢(Q;) associated to the image g7 of g in G(Qg), then

ti (9) (wir e(€)) = wie(€ o Tnt((gf) 1)), (4.1.2)
for any neat compact open levels K and K’ with ¢~ 'Kg C K'.

While automorphic local systems will be the coefficients for our trace formulae, for the definition
of integral canonical model of Shk we need to construct certain §(Z,)-lattices Etyg , C Etk ).

Definition 4.12. Assume K = KoKP. By [KSZ21, §1.5.8], the map Ky — §°(Z,) factorizes
through Ko/Z(Q)y. The integral p-adic étale realization (of level K), denoted Ety ,, is the
proétale G¢(Z,)-torsor on Shi (G, X) given by the pushforward of (4.1.1) along this factorization.

Notation 4.13. We write Ety , for the pullback of Ety ,, to Shk.

Remark 4.14. Again using Tannakian formalism (see [IKY24b, §2.1.2]), we may alternatively
think of Ety , as an exact Z-linear ®-functor

wkp: Repz,(§°) — Locz, (Shk).
Again tracing through the definitions shows that if g = gpg? is in KOG(A?), then

tir (9)* (Wi p(6))) = wig (€ 0 It ((g5) 1), (4.1.3)
for any neat compact open levels K = KoKP and K’ = KoK'? with g~ 'Kg C K'.

4.1.2. Integral canonical models. We now discuss the so-called integral canonical models of
Shimura varieties with p-level given by Kqg. While our eventual trace formula will involve deeper
level than K, we will only require these integral models at level K.

Definition 4.15. Let x: Spa(F) — Shi" be a classical point. We say that Ety , is (potentially)
crystalline at x if for all representations A of G one has that the Q,-representation of Gal(F/F)
given by wy ,(A)z[!/p] is (potentially) crystalline.

Remark 4.16. By [[KY24b, Proposition 2.21] to check that Ety , is (potentially) crystalline at
z it suffices to check (potential) crystallinity of wy ,(A)4[!/p] for a single faithful representation A.

Definition 4.17 (Integral canonical models, [IKY24a, Definition 3.39] and [MY26, Definition
6.5.2]). A separated W-model S« = .k (G, X) of Shyk is an integral canonical model if:
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(1) The G°(Zy)-local system Ety , is apertile of type —uj and the associated map of W-stacks

K — BTg;’iuz’alg is p-adically formally étale.
(2) One has an equality of classical points

\(5/4\()77\01 = {x € [Shi | . Ety , is potentially crystalline at az} .
An integral canonical model .#k is furthermore called limpid if Etk ¢ extends to #k for all £ # p.

It will be helpful to name the (G¢, —pup,)-aperture arising on the completion Y? of an integral

. © —uf al
canonical model from the map %k — BTgo Hna'e

Definition 4.18. Suppose that .# is an integral canonical model of Shx. We then call the
induced object Qg of BTgo’_uh (-Zk) the syntomic realization (at level K).

Remark 4.19. By Proposition 2.A.7, we may think of Qk as an exact Z,-linear ®-functor
wy,: Repz (§°) — Vect(.7c™™).

Now, it is not clear from the definition that integral canonical models, if they exist, are unique
in any way. The following mapping property verifies this is the case as it implies that integral
canonical models are in fact functorial in (G, X, G).

Proposition 4.20 ([MY26, Corollary 6.5.7]). Suppose thaty is an excellent n-normal O g-scheme
with generic fiber Y. Then, the following are equivalent for a map f:Y — Shg:

(1) f extends to a map Y — Fk;

(2) the composition

Et9 c _,c

Y — Shx —% BS4(Z,) ® E = BTS, """ o |
c ¢ al

extends to a map Y — BTEO’ Hpoa'8
Next, it is not clear that integral canonical models, at least in the way we have defined them
here, exist; it’s not even entirely obvious that the usual Siegel-type integral models of Mumford
are canonical. That said, the following shows that limpid integral canonical models exist for

essentially all Shimura varieties.

Theorem 4.21. A limpid integral canonical model of Shk ezists if:
(1) ([IKY24a[, [MY26]) (G,X) is of abelian type.
(2) (IMY26]) (G,X) is of pre-abelian type and p > 2.
(3) (IMY26]) (G,X) is arbitrary and p > 0 (depending only on (G,X)).

Remark 4.22. Let us slightly expound upon the above results:

e When (G, X) is of abelian type and p > 2, it is shown in [IKY24a| that the integral
models constructed by Kisin in [Kis10] are limpid integral canonical models.

e When (G, X) is of pre-abelian type and p > 2, it is shown in [MY26] how to construct
limpid integral canonical models; necessarily these agree with Kisin’s models in the
abelian-type case by the previous paragraph and Proposition 4.20.

e In [MY26] limpid integral canonical models are shown to exist with no restriction on
(G, X) for p > 0 (depending only on (G4, X?4)). It is further shown that, up to enlarging
p, these agree with the integral models of Bakker—Shankar—Tsimerman from [BST25].

While limpid integral canonical models are defined at fixed level they propagate to a projective
system of integral canonical models at smaller level, a fact leveraged in our trace formulae.

Notation 4.23. Let Qx denote the set of levels K C K of the form KOK/p.
Proposition 4.24 (Existence of prime-to-p Hecke towers, see [MY26, Corollary 6.5.11]). Suppose

that Shy admits a limpid integral canonical model Sx. Then,

(1) If K’ belongs to Qk, then there exists a limpid integral canonical model F:.
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(2) If K" and K" belong to Qx and g = gpg? in KOG(N}) satisfies g7 1K'g C K", then tks ki (gP)
extends uniquely to a finite étale morphism S — Skr» modeling tx (g).

Remark 4.25. With further assumptions on (G, X) and G, one obtains the same results as in
Proposition 4.24 but with only the condition that K' = K K/p; see [MY26, Theorem 7.6.25].

Remark 4.26. Suppose that Shx admits a limpid integral canonical model. Using Proposition
4.24 we see from (4.1.3), and [MY26, Theorem 4.1.5], that if g = g,g¢” in KOG(AZ}), then

ti i (97)7 (Win, (6))) = wigrt, (6), (4.1.4)
for any neat compact open levels K’ and K” in Qk with (¢g?)~1K’gP C K".

4.1.3. Alternative proof of (parts of) Theorem 4.21. In the final part of this subsection we
lay out a proof of cases (1) and (3) of Theorem 4.21 when p > 2, different from those in [[KY24a]
and [MY26]. Instead we use Theorem 2.62 to bootstrap from the F-crystals with G-structure
constructed in [Lov17a| and [BST25]. The major advantage of this is that one avoids the usage
of any major results from [IKY24b| and, consequently, of [GR22, Theorem A|.

Remark 4.27. For the sake of space, we will be quite brief in our explanations below. But, as
the reader will see, many arguments are quite standard.

Assumption 4.28. Throughout the following we assume that p > 2.

Integral canonical models in the abelian-type case. We begin by showing that the results
of [Lov17a] upgrade to prove that Kisin’s integral models are canonical.

Setup 4.29. Suppose that (G, X) is an abelian-type Shimura datum, and let .#k be the integral
models constructed by Kisin in [Kis10].

Construction 4.30. Using [Lov17a, §§3.4.4-3.4.8] and [Lov17b, Proposition 4.7.11], one con-

structs an object of Quintg_f 2(5’;) as in Definition 2.72.3% Applying Theorem 2.62 we obtain a
(G¢, —pf,)-aperture on F« which we denote QE.

Lemma 4.31. There is an identification of Tét(Qqu) and the restriction of Etg , to (5/’1;)77

Proof. This essentially follows from the proof of [Lov17a, Theorem 3.5.1]. But, for the sake of
the reader we comment that in the Hodge type case this follows from the discussion in [IKY24a,
§2.6], and one reduces from the abelian-type case to the Hodge-type case by carefully tracing
through the construction. O
Construction 4.32. Using Lemma 4.31 we may promote the map 5/”; — BTE:’_“ h corresponding
to QE to a map p: Sk — BTE;’_“Z’alg.

Proposition 4.33. The map p is p-adically formally étale.

Proof. In the Hodge-type case this follows from [Lov17a, Corollary 3.3.13] using [IKY24a, Propo-
sition 3.4]. One then reduces to the Hodge-type case via standard Hodge-type-to-abelian-type
yoga; cf. [IKY24a, Theorem 3.6]. O

Theorem 4.34. The integral model #k of Shk is canonical.

Proof. Via the construction of the map p above, and Proposition 4.33, all that remains to be
shown is that Condition (2) of Definition 4.17 holds. But, this is [[KY?24a, Proposition 2.15]. O

32In [Lov17b] it is assumed that Z° splits over a CM extension, but this is not necessary with the definition of
G given here, and his arguments go through essentially verbatim.
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Integral canonical models for sufficiently large primes. We now show that the integral
models in [BST25, §5.1] are canonical.

Setup 4.35. Suppose that (G, X) is an arbitrary Shimura datum, and let .#k be the integral
models constructed in [BST25].

Construction 4.36. From [BST25, §7.1] it can be deduced that one has an object of Quintgﬁ‘ (5/42)
as in Definition 2.72 save one thing: loc. cit. does not verify the strong divisibility condition
outside of the one fixed faithful representation. But/,\ this is automatic by Lemma 2.61. Applying
Theorem 2.62 we obtain a (G¢, —u )-aperture on % which we denote QEF5T.

Lemma 4.37. There is an identification of Te(QRST) and the restriction of Etk , to (5/4\()77

Proof. This follows via the construction of the tensors {scrys} in [BST25, §7.1.1] which show that
étale realization yields the Z,-local system with tensors corresponding to Etf<7p. U

Construction 4.38. Using Lemma 4.37 we may promote the map 5/”; — BTES’#‘Z corresponding

to QF5T to a map p: Sk — BTY, e
Proposition 4.39. The map p is p-adically formally étale.

Proof. By [MY26, Lemma 6.4.7| it suffices to show that the Kodaira—Spencer morphism from
Remark 2.67 is an isomorphism. But, this follows from [BST25, Theorem 7.9] and its proof. [

Theorem 4.40. The integral model Sk of Shx is canonical.

Proof. Via the construction of the map p above, and Proposition 4.39, all that remains is to
observe is that Condition (2) of Definition 4.17 holds by the proof in [MY26, §7.8|. O

4.2. The primitive trace formula. We now state and prove the primitive trace formula for
the Galois—Hecke action on the cohomology of Shimura varieties with subhyperspecial-at-p level.
This formula will be in terms of a weighted point count on the fixed points of the mod-p Hecke
correspondence, with the weighting given by the local test functions ¢ j from the last section.

Setup 4.41. We continue to freely use notation from Setup 4.1. We further let:

e E and E be algebraic closures of E and E, respectively;

e E — F be an embedding corresponding to a place T of E extending v;

e C be the p-adic completion of E;

e I'g and I'p be the absolute Galois groups of E and F, respectively;

e .Yk be a limpid integral canonical model of Shg.
Our choice of embedding gives an isomorphism I'y = Dy C I'g where Dy is the decomposition
group of v. We may identify I'p with the group of continuous automorphisms of C' over E.

We will also make frequent use of notation/terminology concerning (cohomological) correspon-

dences and their actions on cohomology; we refer the reader to §1 for such things.

4.2.1. Hecke correspondences and cohomology. We now give the basic setup for the Galois—
Hecke action on the cohomology of Shimura varieties with automorphic étale sheaf coeflicients,
as well as a rigid-analytic variant that will be useful to clarify the flow of the results.

Definition 4.42. Suppose that L C G(Ay) is a neat compact open. A potentially crystalline
locus at level L, if it exists, is a quasi-compact open subset U of Shi" such that

U | = {x € [Shi"|? : Et,, is potentially crystalline at :U} .

If a potentially crystalline locus exists for all neat compact open subgroups L, then we say that
(G, X) admits potentially crystalline loci.

Remark 4.43. By [Hub93, Corollary 4.3|, a potentially crystalline locus at level L is unique.

The following shows that potentially crystalline loci are preserved by the Hecke action, and
that (G, X) admitting potentially crystalline loci follows from the existence at one level.
64



Proposition 4.44. If (G,X) admits a potentially crystalline locus at one level, then it admits
potentially crystalline loci. Moreover, if (G,X) admits potentially crystalline loci, then the
morphisms ti 1/(g): Shy — Shy pull back to morphisms ti 1/(g): UL — Upr.

Proof. We begin with an elementary observation. Let f: X — Y be a finite étale surjection of
rigid E-spaces, and V a Qp-local system on Y. As (f*V), = V), if V C X is a potentially
crystalline locus of f*V then f(V) CY is a potentially crystalline locus of V, and if U C Y is a
potentially crystalline locus for V then f~!(U) is a potentially crystalline locus for f*V.

So, suppose M is a neat level and Uy C Shyy a potentially crystalline locus. Then, for any
other neat level L, take a neat level N C M N L. le a faithful representation &: G%p — GLg, (V)

and abbreviate (J¢ p|sh, )™ = Vp for any neat level P. Then, we have that

TrKI,MVM >~ VN >~ 7I‘E7LV|_,
by (4.1.2). Thus, from the previous paragraph, we deduce that Uy := my | (7y 3y (Um)) € Shi™ is
a potentially crystalline locus for V|, and thus for Et_, by Remark 4.16. U

Remark 4.45. If .%« is an integral canonical model, then (5/’1\(),7 is a potentially crystalline locus
at level K. Thus, by Proposition 4.44, (G, X) admits potentially crystalline loci.

For visual clarity, we give shorthand notation for the cohomology spaces that we study below.

Notation 4.46. Suppose that (G, X) admits potentially crystalline loci. For a neat compact
open subgroup K € G(Ay), a prime ¢ # p, and a Q,-representation & of G¢ o We define

Hé(G, X? Ka f) = et c(ShK(G X)Ea :}'E) ISI(Z:(CU X, Ka 5) = et c((uK)Ca S’tg K)
We then define
H(G,X,€) =lim H(G,X,K,§),  HIG,X,¢) = lim H(G,X,K,&).
K K

Note that H:(G, X, £) and ﬁé(G, X, ) inherit an action of G(Ay) by modifying the level structure,
and this action commutes with the natural actions of I'g and I'g, respectively.

Remark 4.47. Using [Ber93 Corollary 7.1.4], one has a natural I'g-equivariant identification

(ShK(G X)E? 976 K) H ,C (ShK(G X) g, K)

Via this isomorphism and extension by zero, we obtain natural comparison maps
H{(G,X,K,¢) —» H(G,X,K, &), H(G,X, ¢ — H(G,X,9), (4.2.1)

which are linear over Q,[I'x] ®g, Hyg,(G(Af),K) and Qg ®g, Hyg,(G(Af)), respectively.

etc

Observation 4.48. For any neat level K, we have that H!(G,X, K, ¢) and ﬁIé(G, X, K, &) are
finite-dimensional and vanish for i > 2dim¢(X). As dimc(X) = dim Shk (G, X), the former case
is classical, and in the latter case it follows from [Sch13b, Proposition 2.3|.

From the following equalities

HY(G X, 0" = H(G.X,K.§),  H(G.X, "= H(G,X.K).
we deduce that Hi(G,X,¢) and ﬁIé(G, X, ¢) are admissible modules over Q,[G(Af)].
Notation 4.49. For a level K, set

2 dime (X) 2 dime (X)
H:(G7X’ K,f) = Z (_1)2H2(G’X7 K’f)v H:(G,X,f) = Z (_1)1H2(G7X’€)7
=0 =0

considered as objects of the Grothendieck group of modules over Q,['g] ®g, Ha (G(A ), K) and
Q/[lE] ®Q Hy (G(Af)), respectively. We make the identical definitions for the cohomology

spaces b5 é(—), but the output now only has an action of I'g.
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We now wish to describe a more geometric understanding of the morphism 7 x e(g~!, K) on
these cohomology spaces.

Definition 4.50. Let K be a neat level, and g an element of G(Ay). Set K9 := K NgKg~t. Then,
the Hecke correspondence is given as follows:

c(g,K) = (ko K tka k(9)) : Shre (G, X) =2 She(G, X). (4.2.2)

The Hecke correspondence restricts to an analytic correspondence ¢(g, K) on
c(g,K) = (mko k, tko k(9)): Uks = Uk. (4.2.3)
We may extend this to a cohomological correspondence on automorphic étale sheaves as follows.

Definition 4.51. Let ¢(g,K) be as in (4.2.2) and (4.2.3), respectively. Then, for any automorphic
étale sheaf J¢ k we define the cohomological Hecke correspondence to be the element u(g, K) of
Coh,(g.k)(Fe K, Te k) and Coheg k) (S’EHK, ?g“K), respectively, defined as the morphism

u(g,K): (c(g,K)2)1e(g, K)] Fex — Tek, u(g,K): (c(g,K)2)re(g, K)T Tk — Feks
respectively, each coming via adjunction from (4.1.2), and the fact that ¢(g, K) is finite étale.

We then have the following workhorse lemma, which follows from Observation 3.29 and the
natural inverse that’s introduced when we pass to cohomology.

Lemma 4.52. For 7 an element of I'g, one has
tr (7 x e(¢7 ", K) | H(G,X,§)) = tr <T x u(g,K) | H (Shk(G, X)g, :fg,K)>.

For 7 an element of I'g, one has
u(fxdyﬁK>u%«LX@0:=w(7xw%K>uﬁw«uma9ﬁo)

We end by observing that these Hecke correspondences can be lifted integrally if the p-part of
g is contained in our fixed hyperspecial.

Definition 4.53. For g = gog? in KOG(A?), observe that ¢(g,K) = ¢(gP, K) as go is in Kg. Thus,
by Proposition 4.24 we obtain integral geometric Hecke correspondences

c(g?, K) = (ko k> tko k(97)) 1 Fkoe = Fk,  c(9”,K) = (ko Kk, tko,k(g")): s = K,

modeling (4.2.2) and (4.2.3), respectively. Moreover, it’s clear that the cohomological Hecke
correspondence u(gP, K) lifts integrally relative to these integral geometric Hecke correspondences.
Both of these correspondences give rise to the same correspondence on the special fiber

c(g”,K) = (ko K, tkak(GP)): Fko e = S ks
which we denote ¢(g?, K), and write u(g?, K) for the induced cohomological correspondence.

4.2.2. A comparison of tubes. We now wish to show that the aperture tubes with level
structure defined in Definition 3.3 agree with Berthelot tubes inside of Shimura varieties coming
from Hecke-fixed points in the special fiber of integral canonical models.

To do this, we must first explain how to precisely associate to such a Hecke-fixed point y an
element b = 6(y) of C;(G,0(p)).

Construction 4.54. Using the equivalence from Proposition 2.52, we define a map
5% = 5 F(R) = €3 0(— 1)

associating to a point z in the source the object (Qk), of the target.
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Remark 4.55. The functor 6f<tk from Construction 4.54 is Frobenius-equivariant: if ® denotes

the g-Frobenius on .#k(k), then there is a natural identification
5 (@(2)) = (6)" (5(x)). (12.4)
Moreover, if K" and K" are in Qg, and g = gpg? in KOG(A];) is such that ¢g7'K’g C K” then it
follows from (4.1.4) that there is a natural identification
53K o tyr ke (g7) =~ OFK. (4.2.5)

Construction 4.56. Suppose that g = g,¢g” belongs to KOG(N}). Then, for an integer j > 1 we
may define a functor

5 Fix (c(gp, K)(j)) (k) = Coo (5%, 0(—114)) »

by taking y to &% (x) where x = ¢(g”, K)a(y) = ®7(c(gP, K)1(y)). By this second equality, as well
as (4.2.4) and (4.2.5), we deduce a natural isomorphism

(O.rj)*(sstk<y) ~ 5stk(y).
Thus, 6% admits a natural lifting
6Stk1 Fix (c(gp’ K)(J)> (E) - Goo (9070.(_#2))}10'“ ,

where the target is the category of homotopy ¢”/-fixed points. Passing to the sets of isomorphism
classes we deduce the existence of a natural map

: Fix (e(g”, K)) (B) = € (9, o~ 1)
To state our desired comparison of tubes we first give the following setup.

Setup 4.57. Fix

a neat level K’ = K,KP C KoK?;

o g =gpg’ in KoG(A});

7 = 1 an integer;

y a point of Fix(c(g, K)))(k);

z = c(g”, K)a(y) = ®7(c(g”, K)1(y));
7 an element of Wg with v(7) = j.

Construction 4.58. As in Remark 1.67 we get an analytic correspondence
e(g.K)(0): 1k, (Fro(0)e) = mich (Fr(@)e),
where .Fk (y) and 5/”;(3:) denote the Berthelot tubes as in Notation 1.1.

To state our desired comparison of tubes, we need one more assumption about the level K.

Assumption 4.59. In the notation of Setup 4.57, assume that K, = (pr)~!(L,) for a compact
open subgroup L, C §%(Z,).

With this assumption we can now state the correspondence we wish to compare ¢(g, K)™ to.

Construction 4.60. As 6(y) is in Cj(5¢ o(—puf)) we may consider the deformation space with
level structure Dy (9, 6(y), —pf,). We then define the analytic correspondence

(9p L) OW) = (rom s | a5 ()0 D 55(5%0(), —hi)o = Doy (5% 0(y), —ph)e

Given the above setup, our cohomological comparison of tubes comes in the following form.

Proposition 4.61. There is an identification of correspondences c(g, K)™(y) == <(gy, Lp)7(6(y))-
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Proof. For the sake of visual clarity, we make the following notational definitions:
Xy = Falo,  Xo=F@o, 2= mook(y),
so z = tkak(g”)(y) = ®/(z). The map tksk(gP) is finite étale and hence restricts to an
isomorphism 9, : X, =5 X,. Set ay = (Tomky k) © 19;1: X — X,
We further make the following notational simplifications:
Q. = (Qk)a» Qy = (Qko)y, Q. = (Qk)--
Then, (4.1.4), together with the fact that Qg is defined over W, gives isomorphisms
e Qu — Qy, er: Q, > 9, €p: Qp = (677)*Q..

Then, in fact, the descent datum used to define d(y) in Construction 4.56 is

ay =€zt o (@) (1) o (6) (er): (077)* Qp = Q. (4.2.6)

™

As Sk — BTg;’_”i’alg is p-adically formally étale, it identifies the deformation spaces of x and
9,. Passing to generic fibers therefore gives an isomorphism A\, : X, — D(5% d(y), —us)c. We
claim that A\, o a, = 70 \,. To verify this, let (Q,¢) be a deformation of Q,. Then a, sends it to
(T*D, Qyy © T*L), but this is precisely the action of 7 on the deformation functor for d(y).

Now as a, 0¥, = 7 o ks k and Uy = tks,k(g")|x, (the latter by definition), we see that the
equality Ay o ay = 70 )\, gives the commutative diagram

TOTI'Kg,K N
X, » Xz
tka k(97)
- J lky (4.2.7)
D(S°,8(y), —45)c T D50, —uf)e-

This is the base-level version of our result, and so it remains to add level structure.
Applying étale realization to the isomorphism of universal apertures inducing A,, and using
(4.1.4) along v, gives §¢(Z,)-equivariant isomorphisms

Etg plx, = Doo(G%0(y), —pf)es  Etkoyplx, = Dool(G%6(y), —f)c
lying over A\, and A, o ¥,, respectively. Taking the quotients by L, and ng gives isomorphisms
)\y,LZ’C’ : Trl,z/lg’Kg (Xy) = ngg(gc, 6(y), —pi)cs
AeL, Mok (Xz) = D (G4, 6(y), —iify) o
These isomorphisms fit into the commutative diagram

C(gvK)T(y)l

-1 \ -1

T r (X ) ( Tyr (X )

Ko g ¥ c(g:K)7 ()2 r KK

gt Aoty (4.2.8)
TOWLZZC)’Lp

D 45(5%0(y), —pj)c Dy, (5 5(y), —u5) -
P Lg:g Lp(gﬁ)

%,

More explicitly, commutativity means
AL, 0 (g, K) ()1 = (7o U )o )\vaZg’
K)™(

Aoy 09 KT W2 =t 05| (gp)0A o5

95 L
P =P »=P

The first equality is obtained from (4.2.7) by passing to the indicated level quotients. For the
second, (4.1.3) says that the p-component g, acts on a frame by right multiplication by gp; the
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prime-to-p component is the map 9. Right multiplication by g; descends from the Lgp -quotient

to the Ly-quotient because (g;)*lLi’g gy € Lp.
As the lower row of (4.2.8) is (gp, Lp)7(6(y)) by definition, the commutativity of (4.2.8) means
that we are done. O

4.2.3. The primitive trace formula. We are now ready to state and prove the primitive form
of our trace formula.

Setup 4.62. We maintain the setup from Setup 4.57 and Assumption 4.59. We then specialize
the setup from Setup 1.66 to our current situation as follows:

e O =W;

e X = yK;

o c=c(g?,K);

® U= u(gp, K),

e d=c(g9,K);

e f:d— ¢, is the morphism (7 k; 7rK/g7Kg,7rK/’K);

e v = u(g,K’) which is naturally isomorphic to f*(u,).

Proposition 4.63. The following equality holds true:
C\— * C (& 9C7_ %
tr (Rr(trc(g,K)T(y))) =tr <T X 6((9p) 17 Lp)|H (5% 0(v), _Nh)> = ¢T’e((5§h)_1¢p)(5(y))-

Proof. From Proposition 4.61 we deduce that

tr (RF(trc(g’K)T(y))) = tr <RF trg(g;’Lp)T)(a(y))> .
But, by Observation 3.29 one deduces that

C\— * C C 967_ 7
tr (BT 60 = b (T xe((g) ™" Lp)[H*( 75(y)7_:“h)> = 7)1 OW):
from where the conclusion follows. O

From this, we deduce the first form of our primitive trace formula.

Theorem 4.64. Let g = gpg? and K’ be as in Setup 4.57 and Assumption 4.59. There exists a
constant jo = 0, depending only on gP, such that for all T in Wg with j := v(1) > jo one has

_ © . Ge,—us
(7 xe( KT HHGX0) = Y (W) (Fendesw) 611, (0W));
yEFix(c@) (k)
where for visual simplicity we have written u = u(gP, K) and ¢ = c(g?,K). Moreover, if Sk is
proper, then one can take the constant jo to be 0.

Proof. This follows immediately from Proposition 1.68 given Proposition 4.61. (]

Of course, we are more interested in understanding H} (G, X, {) instead of Jis G, X, §). Thus,
we would like to isolate conditions on (G, X) so that the analogue of Theorem 4.64 applies.

Definition 4.65. If the map Iiifﬁ(G, X, €) — HY(G, X, ¢) from (4.2.1) is an isomorphism for all i
and representations £ of Gg,, we say that (G, X) has (-adically contractible boundary.

Remark 4.66. To show that (G, X) has ¢-adically contractible boundary, it suffices to show
that the comparison map fIé(G, X, K &) = H(G, X, K, §) from (4.2.1) is an isomorphism for
all 7 and £ and for K sufficiently small; so, assume that K’ C K. Moreover, up to changing KP, we
can assume that K" = K,KP with K, C K. Then, by acyclicity of finite maps, we must only show
that the map A A
Hi (Uk)e, mTFe k) = He (She (G, X) o, mFe k),

is an isomorphism where 7 = mk/ k.
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That said, using Proposition 1.58 we have a commutative diagram

H, (She (G, X)o, mTe k) +—— Hi (Uk)o, mTex)

\ ZT
HYy (S RYTTe ).

Thus, f-adically contractible boundary is equivalent to the maps
H, (S RUTT e ko) = Hy (Shi(G, X) 0, e k)

ét,c
being isomorphisms for every i and ¢ and all sufficiently small neat levels K’. This condition is
expected to hold in general, but is currently known in the following cases:
(1) if Fk is proper (by the proper base change theorem);
(2) if (G, X) is of abelian type by [Wu25, Proposition 5.21|, extending results from [LS18b].

Thus, we are now prepared to state the more desirable form of Theorem 4.64, which follows
immediately from this result and the definition of /-adically contractible boundary.

Theorem 4.67. Let g = gpg? and K’ be as in Setup 4.57 and Assumption 4.59. Furthermore
assume that (G, X) has (-adically contractible boundary. Then, there exists a constant jy > 0,
depending only on gP, such that for all 7 in Wg with j := v(T) > jo one has

— * j G, —us
tr(r el K THAG,X,0) = > e ()| Temest)) Proiiass o 1,0
y€Fix(cW)(k)

where for visual simplicity we have written u = u(g?, K) and ¢ = c(g?,K). Moreover, if Sk is
proper, then one can take the constant jo to be 0.

Finally, we enunciate the unconditionality of Theorem 4.67 in the abelian-type case.

Theorem 4.68. Suppose that (G, X) is of abelian type. Let g = gpg? and K' be as in Setup 4.57
and Assumption 4.59. Then, there exists a constant jo > 0, depending only on g, such that for
all T in Wg with j :=v(7) > jo one has

— * j G¢,—us,
tr (7_ X €(g 17 K,) | Hc (Gv X)g)) = E tr ((Ug)(y))_| ’ (gf,K)cg(y)> ¢T7e((5§h)71’|_p)(5(y))a
y€Fix(c() (k)

where for visual simplicity we have written v = u(gP, K) and ¢ = (g7, K). Moreover, if G* is
Q-anisotropic, then one can take the constant jy to be 0.

Proof. This follows from Theorem 4.67 given Remark 4.66 and that .« is proper if and only if
G2 is Q-anisotropic; see [Wu25, Corollary 4.51] and [MP19, Corollary 4.1.7]. O

Remark 4.69. Despite its apparent purely-technical nature, Assumption 4.59 is indicative of a
substantive issue. Ultimately the problem is a fundamental disconnect between the levels of the
Shimura variety, which are indexed by subgroups of G(A¢), and the étale realization functors
on the Shimura variety which are G°(Ay)-local systems. This indicates that there should be a
better replacement for Shx (G, X) when G # G¢ which actually carries G-realization functors as
opposed to just GC¢-realization functors. It is not clear what this would look like, and perhaps such
an object only exists in an exotic category like those appearing in the work of Clausen—Scholze.

4.3. A Langlands—Rapoport-type refinement of the primitive trace formula. From the
perspective of applications, the primitive trace formulae above are not sufficient. Instead, one
wishes to have a more ‘motivic’ description of these traces. This is furnished by the so-called
Langlands—Rapoport conjecture.

In this section, we describe such a conjectural upgrade, and then explain how the work of
[KSZ21], together with the syntomic canonical models of [IKY24a], makes this unconditional in
the abelian-type case.

Setup 4.70. We maintain the setup from Setup 4.41, but also assume that K = KoKP?.
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4.3.1. The Langlands—Rapoport-7 conjecture. To formulate and prove this upgraded version
of the primitive trace formula, we must first recall the Langlands—Rapoport-7 conjecture of
[KSZ21, §2], which gives the ‘motivic’ description of %k, (k) where %, = @K:KOKP K.

This requires an immense amount of technical setup. Below we recall the barest version of
this setup necessary to state our results; essentially an indexed tour of the notation from loc. cit.
We strongly encourage the reader to consult loc. cit. to properly engage with this material.

We begin by discussing the objects which form the indexing set for our decomposition; these

can be viewed as the ‘motivic’ analogue of isogeny classes.

Notation 4.71. We write

e O for the corrected quasi-motivic gerb; see [KSZ21, §2.2.8];
e &g for the neutral Q/Q-Galois gerb associated with G; see [KSZ21, Definition 2.1.4].

We regard both as objects of the category pro—Srb(Q/Q) of pro-Q/Q Galois gerbs defined in
[KSZ21, Definition 2.1.11], viewing &g as a constant pro-object.

Definition 4.72. A morphism ¢: Q — B¢ in pro—Grb(Q/Q) is admissible if it satisfies the
conditions of [KSZ21, Definition 2.4.2].

Definition 4.73. Two morphisms @1, ¢2: Q — Bg are conjugate if po = Int(g) o ¢ for some g

in G(Q), as in [KSZ21, Definition 2.1.13].
Remark 4.74. By [KSZ21, Remark 2.4.4|, admissibility is invariant under conjugation.

Notation 4.75. For an admissible morphism ¢, we denote by I, the reductive Q-group attached
to ¢ as in [KSZ21, §2.1.14].

We next recall the local comparison sets associated to such a ¢ as above; these may be viewed
as parameterizing the actual ‘motivic’ objects contained in a given isogeny class ; informally,
one might think of these objects as ‘lattices’ in . This shall be combining a parameterization of
the away-from-p lattices and the at-p lattices separately.

Notation 4.76. For w either oo or a prime other than p, let &, be the reference local morphism
of [KSZ21, §2.4.1]. Then with ¢(w) and ¢, as in [KSZ21, §2.2.8|, we define

Xu(p) = {9 € G(Q,) : Int(g) 0 &w = w(w) 0 Cu } -

Thus X, (¢) being non-empty says precisely that the localization of ¢ is conjugate to the
prescribed local morphism; see [KSZ21, §2.4.1].

Definition 4.77. With 6, := ¢(p) o (, we define the p-local Langlands-Rapoport set to be the
set Xp,(p) == X_,, (0,) as in [KSZ21, §2.2.7 and §2.4.1]; it is independent of the choice of Hodge
cocharacter in its conjugacy class.

Remark 4.78. As in [KSZ21, §2.2.7 and §2.4.1|, the set X,(¢) carries a ¢g-Frobenius automor-
phism which we will not need to explicitly notate.

Remark 4.79. We can give a more explicit description of X,(¢). Namely, choose go in the
set UR(6,) as in [KSZ21, Definition 2.2.3 and Lemma 2.2.4(i)], and let b, be the element of

G(Qy) C G(Q,) attached in [KSZ21, Definition 2.2.5] to the unramified morphism Int(gy ") o 0,
Then, there is an identification

Xp(0) = {gS(W (k) : g™ bpo(g) € W (k))o(—pn) () S(W (k) } .7 (4.3.1)
We now combine these away-from-p and at-p sets into a set parameterizing the Al}—lattices

within a given isogeny class.

33We use the equivalent o(—)-convention obtained by sending the coset of u to the coset of boo(u).
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Definition 4.80. For an admissible ¢, the sets X,,(¢) contain integral elements for almost all
finite w # p by [KSZ21, §2.4.6]. We then define the prime-to-p Langlands—Rapoport set to be

T Xuw(e

wWH£P,00
where the restricted product is taken with respect to the integral subsets; see [KSZ21, §2.4.7|. This
set is independent of the choices of places/integral subsets, and is a nonempty right G(A?)—torsor.
We then define the Langlands—Rapoport set to be
X () = Xp(p) x XP(p).
The groups I,(Ay) and G(A?) act on X () on the left and right, respectively. Moreover, the
g-Frobenius acts on X () through its action on X,(¢). These actions are all commuting.

The actual Langlands-Rapoport conjecture involves a decomposition of .7k, (k) involving the
quotient of X (¢) by I,(Q). To achieve our desired trace formula though, one only requires a
weaker version where one allows a twist of this action.

Definition 4.81 ([KSZ21, §2.4.7]). Let n be in I3%(Ay), and let 1,(Q)" be the image of the
diagonal embedding I,(Q) — I,(A¢) under the inner automorphism Int(n) of I,(Af). Define

Sy() = lm 1,(Q)"\X () /L7,
Lp

where LP runs through the compact open subgroups of G(A?).

To choose these twists coherently as ¢ varies, Kisin—Shin-Zhu introduce two sheaves of abelian
groups on the set of admissible morphisms.

Notation 4.82. Let AM = AM(G, X, p,5) be the set of admissible morphisms. Following
[KSZ21, §2.6.16], write @1 ~ (g if their algebraic parts o and @5 are G(Q)-conjugate. Let Hir
and &7 denote the sheaves written 3 and EP, respectively, in [KSZ21, §2.6]; their fibers are

THer(p) == L (AN AR /12(Q),
€0 (i) = L (AL\ T2 (AD).

The natural map &7 () — Hir(yp) is surjective, and both fibers carry canonical abelian group
structures; see [KSZ21, §2.6.13 and Lemma 2.6.14].

Remark 4.83. The sheaves EZER and Hyg, together with their surjection, are the pullbacks of
uniquely determined sheaves and a surjection on AM/~. Since the quotient map AM — AM/~
factors through the set AM/conj of G(Q)-conjugacy classes, pulling these descended sheaves
back to AM/conj gives the sheaves used to define I'(—); below; see [KSZ21, §2.6.16].

Definition 4.84 (|[KSZ21, Definition 2.6.17]). For & in {Hrr, & R}, let T(F) be its group of
global sections on AM, T'(F)o the subgroup of sections descending to AM/ =, and I'(F); the
subgroup of sections descending to the set of G(Q)-conjugacy classes of admissible morphisms.

Definition 4.85 (|[KSZ21, Definition 2.6.19]). A section 1pr of I'(Hrr) is tori-rational if, for
every admissible ¢ and every maximal Q-torus T' C I, the image of 7 ,r(¢) under the composite
obstruction map [KSZ21, (2.6.19.1)] is trivial. Tori-rationality for a section of I'(€] ) is defined
by the analogous condition in [KSZ21, Definition 2.6.19(ii)].

Definition 4.86 (|[KSZ21, §2.7.1]). Let mr be in I'(Hyr)1. For every admissible ¢, choose 7.,
in I gd (Ay) representing the class T,r(¢). Define the 7 r-twisted Langlands—Rapoport set to be

Srr(p) =Sy, (¢ LI )1\ X (p)/LP. (4.3.2)

Its isomorphism class as a set with commuting g-Frobenius and G(A?)—actions is independent of

n,, and depends on ¢ only through its G(Q)-conjugacy class.
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We can now finally state Kisin—Shin—Zhu’s twisted version of the Langlands—Rapoport conjec-
ture, which they write LR(G, X, p, G, 7.r); see |[KSZ21, §2.7.1].

Notation 4.87. Let %k, = 1'£1K, Sk, 1.e., the limit of integral canonical models over the
prime-to-p Hecke tower; see Proposition 4.24.

Conjecture 4.88 (The Langlands—Rapoport—7 conjecture, cf. [KSZ21, Conjecture 2.7.3|). There
exist a tori-rational element TR in T'(HLr)o and a q-Frobemus/G(A?)-equivariant bijection

Fico (k) = T Srn (), (4.3.3)
]

where [p] Tuns through the G(Q)-conjugacy classes of admissible morphisms.

Remark 4.89. The usual Langlands—Rapoport conjecture (see [KSZ21, Conjecture 2.5.8]) is the
special case in which 7pr is trivial.

4.3.2. The upgraded trace formula d’aprés Kisin—Shin—Zhu. We now explain, using
[KSZ21, Theorem 2.7.4], how the Langlands—Rapoport-7 conjecture allows one to give an
upgraded version of the primitive trace formula. Again, our explanation will need to import a
massive amount of material from op. cit. which we will quickly go over, and we again refer the
reader to [KSZ21, §1-2| for more details.

Setup 4.90. We use the same setup as in Setup 4.70, but further:

fix a lift ®, in I'g of geometric ¢g-Frobenius;

fix functions f? in H(G(A?), KP) and h in H(9°(Z,));

write [u]x for the image in 71 (G) of the Hodge cocharacters of X;

normalize dg and dg® so that vol(§(Z,)) = vol(§°(Zp)) = 1;

let (pr€)*h := h o pr®, an element of H(G(Z));

for £: G¢ — GL(V), we abuse notation and write {(z) for z in G(Q) to mean &(pr¢(x));
write I'g for Gal(Q/Q);

for each rational place v write I, for Gal(Q,/Q,);

choose embeddings Q < Q, giving rise to an embedding I, < [q.

Example 4.91. For L, C §9(Z,) compact open, g; in §°(Z,), and g, in §(Z,) lifting gy

(pr®)"e(gp, Lp) = € (g, (pr) 7 (Lp)) - (4.3.4)

Our upgraded version of the primitive trace formula seeks to compute the following terms,
using notation adapted from [KSZ21].

Definition 4.92. Let m > 1, fix 7 in @TIE,M and set n = mr. We define
T(r,h, f7) i= tr (r x (p1)°h f7 | HX(G, X, €)). (4.3.5)

Notation 4.93. We continue to use the notation k,,, Wy, K, from Notation 2.48, with j = m,
and as above let us write n = mr = [K,, : Qp).

We next give modified versions of our local test functions from Definition 3.39 to account for
the potential discrepancy between G and G¢ (cf. Remark 4.100).

Notation 4.94. Write (bESZ = HS(Wm)U(*uh)(p)S(Wm)'

Remark 4.95. The function ¢X5% is almost that denoted by ¢, in [KSZ21, §1.8.2]. More
precisely, with the convention in (4.3.1), ¢55% is obtained from the function denoted ¢, in
[KSZ21, §1.8.2] by precomposition with o~!. That said, the two functions have the same twisted
orbital integrals and so the difference can be ignored.

34Thus, m is the j in the definition of the local test functions; we use this different letter to match [KSZ21].
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Definition 4.96. We define the Shimura test function associated to (G, X) (with our implicitly
chosen p and §) to be the following function on G(K,,):

S (b) = K2 () 67" (pre(D) (4.3.6)

Remark 4.97. When G # G¢, the Shimura test function ¢S';LX really depends on global data as
the quotient G¢ of G does; of course if G = G€ this is not an issue.

The following is immediate from Theorem 3.38.

Proposition 4.98. The function ¢f’;LX 1s Q-valued, locally constant, and compactly supported. It
is invariant under o-conjugation by (W), and

supp(d7,7) C G(Win ) (—41) (0)S (W)

Example 4.99. Let ef = e(5°(Z,)). Then, as D(G¢, pr¢(b), —uf,)c is an open polydisk over C,
and thus has vanishing higher ¢-adic cohomology (as ¢ # p), we see that there is an equality

G¢,— s, G,X KSZ
¢T,€8 h = ]lgc(Wm)o.(_uz)(p)gc(Wm). Consequently, ¢T,68 = nS .

Remark 4.100. Suppose that G = G°¢. The support condition in Definition 3.32 makes the
first factor in (4.3.6) redundant. Thus QSS,;X = ¢§; Hn

We next recall the notion of Kottwitz parameters which will serve as the index for our
ultimate point-counting formula; cf. the triples appearing in [Kot90]. Roughly these form the
group-theoretic description of the isogeny classes parameterized by the parameters ¢ from the
Langlands—Rapoport-7 conjecture.

Notation 4.101. Fix 7o in G(Q) semisimple, and write Iy := I,,.
Definition 4.102. We define

/
D(Io,G;AY) == [] ker (H'(Qu:To) = H'(Qu, G)), (4.3.7)
WHP,00
where the restricted product is taken with respect to the trivial classes.
Definition 4.103 (Kottwitz parameters, [KSZ21, Definition 1.6.4]). A Kottwitz parameter is a
triple ¢ = (y0; a, [b]) with the following properties:
(1) v in G(Q) is semisimple and R-elliptic;
(2) a belongs to D (I, G; A%);
(3) [b] belongs to B(loq,) and ka([b]a) = —[u]x where [b]g is the image of [b] in B(G) and
kq is the Kottwitz map as in [Kot97, §7].

We write 8 for the set of Kottwitz parameters and KB(vo) for those with first component 7g.
Definition 4.104 (|KSZ21, Definition 1.6.5]). A Kottwitz parameter ¢ = (7o;a,[b]) is p"-
admissible if there is a representative b of [b] and an element u in G(Q,) such that

uyou = 5o () - a"H(6). (4.3.8)
where § = u~1bo(u). We denote the set of p"-admissible Kottwitz parameters by £, (p").

Observation 4.105 ([KSZ21, Lemma 1.6.7]). If ¢ is p"-admissible, then 0 belongs to G(K,,),
and its o-conjugacy class in G(K,,) depends only on c.

Construction 4.106. Let ¢ = (o;a, [b]) belong to KB, (p"), and choose § as above. Write
a = (@y)wp,oo- For each w # p, 0o, choose g, in G(Q,,) such that the cocycle p — gup(guw) !
represents a,,; we choose g,, = 1 at all but finitely many places w which is possible because a,, is
trivial for almost all w. Define the classical Kottwitz parameter associated with ¢ to be

Tw = 95170911; € G(Qw)a Y= (’Yw)wip,oo € G(A?)

The equivalence class of (7y9;7,d) depends only on c.
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Notation 4.107. Set K, := ker (m1(lp) = m1(G)).

Remark 4.108. Since [ contains a maximal torus of G, the map 71 (Ip) — m1(G) is surjective;
see [KSZ21, Proposition 1.7.3].

Definition 4.109. We define
(KC)F,tors
Zim (ker ((Kc)l"w,tors — M (IO)Fw) - (KC)F,tors)

w

By [KSZ21, Proposition 1.7.3], this group is finite.

¢(lo, G;A/Q) = (4.3.9)

Construction 4.110. Let ¢ = (v0; a, [b]) be a Kottwitz parameter. For w # p, oo, the component
ay determines fBy,(c) in 1 (o), tors through the abelianized localization map of [KSZ21, §1.7.5|.

Choose Bw(c) in 71 (Iy) whose image in 1 (Io)r,, is Bu(c) and whose image in 71 (G) is 0, taking
Buw(c) = 0 for almost all w. Such lifts exist by Remark 4.108; see [KSZ21, §1.7.5].

Construction 4.111. Set B,(c) := ki, ([b]) in 71(fo)rg,. Choose Bp(c) in 71 (ly) whose image in
m1(lo)rq, s Bp(c) and whose image in 71 (G) is —[u]x. Such a lift again exists by Remark 4.108.

Construction 4.112. Choose an elliptic maximal torus T' C Gr containing 7y and an element
heo in X which factors through 7. The Hodge cocharacter of ho, determines S (c) in m1(1p)r-

Choose Bu(c) in 1 (I) whose image in ({1o)rg 18 Poo(c) and whose image in m1(G) is [u]x.
Such a lift again exists by Remark 4.108; see [KSZ21, §1.7.5].

Definition 4.113. The sum j(c) := D w Buw(c) is finite and belongs to K.: The images of Bp(c)
and B (c) in m (G) cancel, while every other summand maps to 0. Its image

a(c) := [B(c)] € €(lo, G;A/Q) (4.3.10)
is independent of all choices and is called the Kottwitz invariant of ¢; see [KSZ21, §1.7.5].

Construction 4.114. For w # p, 00, let I, be the inner form of Iy g, determined by the image
of a, in HY(Qy, I34).

Construction 4.115. For a p™-admissible parameter, let I, be the o-centralizer of b in Io:

1,(R) = {g € Io(Rq, Q) : g™ 'bolg) = b}

Construction 4.116. Let I, be the inner form of Iy r determined by the Cartan involution of
(Io/Z)r induced by Int(heo (7)), with hso chosen as in Construction 4.112.

Definition 4.117. Assume that c is p"”-admissible and a(c) = 0. There is an inner form I(c) of
Iy over Q, unique up to isomorphism of inner forms, whose localization at every place w is I,;
see [KSZ21, Proposition 1.7.12].

Notation 4.118. Let c in R,(p") satisfy a(c) = 0. Fix a Haar measure dij, di” on I(c)(Ay). We
transport di? and di, to the identity components of the centralizers of v and J, respectively, as
in [KSZ21, §1.8.2]. Let daP be the Haar measure on G(A’}) used in the Hecke algebra containing
fP, and let dz, be the Haar measure on G(K,,) which gives §(W,,) volume 1.

We now describe the weighting factors that will be used in our ultimate trace formula, and
can be viewed as counting the number of lattices within a given isogeny class.

Definition 4.119. For f? in 3{(G(A})), define

_ dx?
G (AR)\G(AL) i
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Definition 4.120. Let G§ be the o-centralizer of § in G-
G3(R) = {z € G(R®q, Kp) : 2~ 00 (z) = 5},
and put I§ = (G§)°. For ¢ in H(G(K,y,)), define
d
TOs() = / (z160(z)) L2 (4.3.12)
17 (@Q\G(Km) dip

For notational simplicity, we combine the above away-from-p weighting factors and at-p
weighting factors into one term.

Definition 4.121. For ¢ in KB, (p") with a(c) = 0, define
Ole, 7, h, f7) i= 04 (") TO5 (65 (4.3.13)

This is independent of the representative (79;7,d) of the classical Kottwitz parameter, with the
measures transported as in Notation 4.118; see [KSZ21, §1.8.2].

As in [KSZ21], we will need to modify our weighting factors by a volume term and a term
having to do with connected components of the Shimura variety.
Definition 4.122. Let ¢ be as in Notation 4.118. Set
ZKoKT’ = Z(Af) N KoK?, Z(Q)KoKP = Z(Q) N KoKP.
By [KSZ21, Lemma 1.8.5 and §1.8.6], the subgroup I(c)(Q)Zk,kr is closed in I(c)(Ay) and the
quotient below is compact. We equip I(c)(Q)Zk,k» with the Haar measure giving its compact

open subgroup Zg,kr volume 1; see the proof of [KSZ21, Lemma 3.7.4]. Relative to this measure
and the measure diy, di? fixed in Notation 4.118, we define

c1(c, KP) :=vol (I(c)(Q)Zkykr \I(c)(Af)) . (4.3.14)
Definition 4.123. Let H be a connected reductive group over Q, and define

[l (Q, H) i=ker | Hp(QH) —»  [[  Hap(Qu. H)

w a place of Q
Definition 4.124 ( [KSZ21, §1.2.5]). For the inclusion Iy C G, define
Ml (Q, o) = ker (ILp(Q, lo) — ULp(Q, G)) . (4.3.15)
Notation 4.125 ([KSZ21, §1.8.6]). Write c2(0) := |HIg(Q, Lo)|.

Definition 4.126. Let H be a connected reductive group over Q and let € in H(Q) be semisimple.
We define vy (€) := [H(Q) : H2(Q)].

Definition 4.127. With the notation of Definition 4.126, define zg(¢) := |(H:/H?)(Q)|.

Lemma 4.128 (cf. [KSZ21, §1.8.6]). The product ci(c,KP)O(c, T, h, fP) is independent of the
choice of Haar measures.

Notation 4.129. Let Yg_1(G) be the set of stable conjugacy classes of semisimple R-elliptic
elements of G(Q). We choose a collection Xkr C G(Q) whose image in Yg_e(G) contains exactly
one representative of each Z(Q)k,kr-translation orbit.

As indicated before, Kottwitz parameters are related to the parameters ¢ appearing in the
Langlands—Rapoport-7 conjecture. We now make this precise.

Definition 4.130 (|[KSZ21, Definitions 3.1.1 and 3.2.1]). An LR pair is a pair (p, €) consisting
of a morphism ¢: Q — Bg and an element € in 1,(Q); it is semi-admissible if ¢ is admissible.
For each p in I'g, fix a lift g, in QP as in [KSZ21, §2.6.1], and write 12 .= (Iy)¢. We say that
(p, €) is giinstig gelegen (abbreviated gg) if:
(1) the embedding I, 5 < Gg carries € to an element of G(Q) which is R-elliptic;
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(2) gp is in (Gg ,a)e (Q) = I (Q) for every p in Tq, where ¢(g,) = g, % p with g, in G(Q).
Here G N denotes the centralizer in GQ of the image of ©®. The second condition is independent

of the ch01ces of g, by [KSZ21, Remark 3.2.2]. We write £R999 for the set of gg LR pairs and
LRPII (™) for its subset of ¢"-admissible pairs; see [KSZ21, Definition 3.2.13].

Notation 4.131. Fix a tori-rational element 7pr in I'(Hrr)o. Let EZER be the twisting sheaf
of Notation 4.82. By [KSZ21, Lemma 2.6.20 and §3.6], we may choose a tori-rational lift 7 r
in I'(&YR)o of Tr. For a semi-admissible Langlands Rapoport pair (¢, €) satisfying Definition
4.130, we abbreviate the Kottwitz parameter t(¢, €, T,r(p)) of [KSZ21, §3.5-83.6] to tz . (v, €).

Now, up until this point, we have not used that .#k is an integral canonical model (in the
sense of Definition 4.17) explicitly. That said, we now impose the following compatibility at p
between the map ¢ from 4.56 and the Langlands—Rapoport-7 setup.

Notation 4.132. Fix m > 1, put n = mr, and fix a point y of ¢(¢?,K)™. Fix (p,€) in
LRPII(¢™) representing the corresponding Langlands—Rapoport class, as permitted by [KSZ21,
Corollary 3.2.17|, and put ¢ := tx (v, €) = (Y01 a, [b]).

By [KSZ21, Proposition 3.5.8|, the parameter c is p™-admissible. Fix a representative (yo;, d)
of the classical Kottwitz parameter associated with ¢, and fix ¢ in G(K,,) such that ¢gG(W,,)
is the p-coordinate of y in the calculation of [KSZ21, Lemma 3.7.4]. With the convention of
Definition 4.77, we then define

SR (y) := g7 00 (g) € G(Win)o(—h1) ()G (Wona). (4.3.16)

Definition 4.133. A Langlands—Rapoport—7 bijection is compatible with syntomic realization if,
for every m > 1 and every fixed point y as in Notation 4.132, one has 6(y) = (pr® (6“®(y))) in
Cm(9¢, 0(—ps)), where 6(y) is as in Construction 4.56.

Assumption 4.134. We assume that Conjecture 4.88 holds for the 7 fixed in Notation 4.131,
and a Langlands—Rapoport-7 bijectionwhich is compatible with syntomic realization.

Observation 4.135. Assume that the Langlands—Rapoport—7 bijection is compatible with
syntomic realization as in Definition 4.133. For a fixed point with data as in Notation 4.132, one

has ¢, " (5(y)) = &% (8"R(y)).

We now repeat the point-counting argument of [KSZ21, §3.7] with the p-local weighting factor
G, X

gbKSZ from loc. cit. replaced by the Shimura test function qﬁ
Notation 4.136. Let (¢, €) be a semi-admissible Langlands—Rapoport pair satisfying Definition
4.130, and put ¢ = t7 . (¢, €). For fP = e((gP) ™1, KP), we write O(p, €, m, gP) for the corresponding
subset of the fixed-point set defined in [KSZ21, Lemma 3.7.3].

Definition 4.137. For the set in Notation 4.136, define

wien (O(p em,g?) = > 6 " (6y). (4.3.17)
y€O(ip,€6,m,g")
Proposition 4.138. Assume that the Langlands—Rapoport bijection is compatible with syntomic
realization. Let (¢,€) and ¢ be as in Notation 4.136, and let fP = e((¢?) ™!, KP); by [KSZ21,
Proposition 3.6.3|, one has a(c) = 0. If (v, €) is ¢"-admissible, then ¢ is p™-admissible by [KSZ21,
Proposition 3.5.8|, and one has the equality

wtrp (0(p,€,m, ¢7)) = 11, () er (e, KP)O(e, 7, 1, 7). (4.3.18)
Otherwise, the fixed-point set on the left is empty.

Proof. The last assertion is the first assertion of [KSZ21, Lemma 3.7.4]. We therefore assume
that (@, €) is ¢"-admissible. Then ¢ is p™-admissible by [KSZ21, Proposition 3.5.8|, and we follow
the rest of the proof of [KSZ21, Lemma 3.7.4|, with the following observations.
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The weighted sum over the prime-to-p coordinate in loc. cit. gives the orbital integral
O (fP). After the change of variables in [KSZ21, (3.7.4.2)] and with our conventions, the set of
p-coordinates can be written

Wy, = {95(Wm) € G(Kim)/S(Wi) : g~ '00(g) € 9(Wm)0(—ﬂh)(p)9(Wm)} . (4.3.19)
By Observation 4.135, the summand attached to gG(W,,) is the value of qﬁ X at g~ 160(g), which

vanishes outside the set in (4.3.19). So, the weighted sum over the p- coordmate is TOs (gbG X)

The remaining quotient by the global centralizer and the comparison of measures are unchanged;
they give the factor ¢z, (e) *e1(c, KP) exactly as in [KSZ21, Lemma 3.7.4]. Combining the prime-
to-p and p-adic factors proves (4.3.18). O

Notation 4.139. Write [£RY99(¢™)] for the set of G(Q)-conjugacy classes of ¢™-admissible
Langlands-Rapoport pairs, with notation as in |[KSZ21, §3.1]; Z(Q)kke acts by z - [y, €] = [p, z€].

Corollary 4.140. Assume that (G, X) has £-adically contractible boundary, and that Assumption
4.134 holds. Then, there exists an integer mg = 1, depending only on fP, such that, for every
m = mg and every T in ®'Ig, one has

T’ h fp Z [’IW Cl TLR((Pv 6)7 Kp) ’ O (t?'LR((pa 6)7 T, h, fp) tr({(e)), (4320)
[ps€]

where the sum runs over a set of representatives for [SRPBII(|k|™)] /Z(Q)kokr- If Sk is proper,
then one may take mg = 1.

Proof. By linearity, it suffices to take h = e((gg)_l, L,) and fP = e((gP)~!, KP). Choose a lift g,
in §(Z,) of g5 and put K, = (pr¢)~*(L,). Example 4.91 identifies the operator in (4.3.5) with
the Hecke operator e((gpg?) ™1, K,KP) at level K,KP.

We now apply Theorem 4.67. More precisely, we use (4.3.3) to decompose the fixed-point set
as in [KSZ21, Lemma 3.7.3]. Then, the naive local term for the automorphic étale sheaf on the
piece indexed by (p,¢€) is tr(£(¢)), and Proposition 4.138 takes care of the remaining part. O

To pass from (4.3.20) to the final Kottwitz sum, we group Langlands—Rapoport pairs by their
Kottwitz parameter. The next definition and lemma give the resulting multiplicity.

Definition 4.141 ([KSZ21, (3.7.5.3)]). Fix m > 1 and the controlled lift 7, of Notation 4.131.
For a Kottwitz parameter ¢, define

Ale) == > i, (e)71 (4.3.21)
[l €[LRPE ([K|™)]

t;LR (Lp7€)zc

Observation 4.142. If O(c, 7, h, f?) is non-zero, then so is O~ (f?) TOs(pK5?%).

Lemma 4.143. Let v be in Xkp and let ¢ in 8P(v0) N KB, (p") satisfy a(c) = 0. Assume that
O(e, T, h, fP) # 0, and let k(c) be the number of elements of KP(yo) N AP, (p™) with vanishing
Kottwitz invariant which are isomorphic to c. Then k(c) is finite, and

Ale) = k(e) e (o) e2(70)- (4.3.22)

Proof. Observation 4.142 verifies the nonvanishing hypothesis of [KSZ21, Lemma 3.7.6]; the
finiteness of k(c) and Equation (4.3.22) are precisely the conclusions of that lemma. Despite the
result from loc. cit. not being directly related heree, its proof still applies as it only concerns the
fibers of the map from Langlands—Rapoport pairs to Kottwitz parameters and is independent of
the p-local weighting function. O

35The dependence on m and Tr is suppressed from the notation.
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Theorem 4.144 (The Langlands—Kottwitz—Scholze formula). Suppose that (G, X) has (-adically
contractible boundary, and that Assumption 4.134 holds. Then, there exists an integer mg > 1,
depending only on fP, such that, for every m > mg and every T in ®]'Ig, one has, with n = mr,

T(r,h, f)= > > Zc(70) " e2(70) tr(€(70))er (¢, KP) O, (f7)TOs (¢Sﬁx> ;
Y0 ESkp ceﬁm(%&))ﬁ_ﬁ(‘f&(z)”)
(4.3.23)

where for each ¢ in the inner sum, (yo;7,0) denotes any representative of its associated classical
Kottwitz parameter. If Sk, kv ts proper, then one may take mo = 1.

Proof. Starting from Corollary 4.140, we may group the Langlands—Rapoport pairs according
to the isomorphism class of their Kottwitz parameter: This gives the analogue here of [KSZ21,
(3.7.5.2)], but with our O(c, 7, h, fP) in place of the unweighted orbital term.

For every parameter with nonzero weighted orbital term, Observation 4.142 verifies the support
hypothesis of [KSZ21, Proposition 3.6.5], and thus the parameter occurs in the image of ¢z .. So,
extending the grouped sum to all Kottwitz parameters satisfying the conditions in the index of
the sum introduces only zero terms. Lemma 4.143 then replaces the multiplicity A(c) of every
nonzero term by k(c) g (7o) “te2(0). Finally, the construction of t5 (¢, €) has first component

Yo = €, so tr(&(e)) = tr(£(70)), as desired. O

4.3.3. The abelian-type case. Finally, we wish to show that Theorem 4.144 is unconditional
in the case when (G, X) is of abelian type. For this, we must only show that the Langlands—
Rapoport-7 bijections constructed by Kisin—Shin—Zhu are compatible with syntomic realization
as in Definition 4.133.

We will do this via the standard Lovering-type yoga; see [DY25, §5.1]. In particular, we shall
prove the claim for Hodge-type Shimura varieties, and then for toral-type Shimura varieties, and
finally for abelian-type Shimura varieties (the latter two will be done in the same proof).

Proposition 4.145. Suppose that (G,X) is of Hodge type. Then, the Langlands—Rapoport-T
bijection constructed in [KSZ21, §5.10 and §5.13| is compatible with syntomic realization.

Proof. Let y, (,€), and n = mr be as in Notation 4.132, and let 2 be the point of Construction
4.56. Write Y, for the integral F-isocrystal with G-structure of [KSZ21, Lemma 5.2.4], base
changed to W,. By [IKY24a, Theorem 2.18 and Proposition 2.19] and Proposition 2.26, applying
pre to T, gives the crystalline realization of (Q),. Choose a lift of x to .7k, and the marking
and trivializations of [KSZ21, §5.10.3] for the matching of [KSZ21, Theorem 5.13.9].

Under these trivializations, let us denote by do the Frobenius on Y, [1/p], and let uG(Wx) pick
out the integral lattice T,. Let gy and b, be the corresponding choices in the description (4.3.1).
Note that the elements d and b, are denoted by &, and b,/ in [KSZ21, §5.10.3|, respectively.

Let us now consider the element e of (W) chosen in loc. cit., which satisfies b, = edo(e) ™.
Under the lattice description of [KSZ21, Remark 5.6.6] and (4.3.1), the map defining the bijection
in [KSZ21, Proposition 5.10.4| sends the p-coordinate uG(Wx) to euG(Wxo) in Xp(¢). Indeed,
the two maps of [KSZ21, §5.10.3|, followed by our convention change, give

bwa(ea_l (d_lu)e_l) = eua(e)_l,

as can be quickly calculated.
Now, let us use the controlled representative 1, = (1,7%) of Notation 4.131. Then, by [KSZ21,
§2.4.7|, the action of € on X, (¢), in these coordinates, is given by

V3 (W) — epvSG(Wo), € 1= go '€go.

In particular, we have the equality €,b, = by0(€p); see [KSZ21, Proposition 2.2.6(ii)]. In the
same coordinates, let us write v — c;lv for the composite map of [KSZ21, Lemma 3.7.4], with
the choice satisfying [KSZ21, (1.6.5.1)]. Then, we have

0= cglbwa(cp), cglepcp =00(8)--- " 1(0).
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Note that our convention changes commute with v — ¢, Ly, since

c;l (bpo(v)) = 60(0;11)).
The finite-field calculation in [KSZ21, Lemma 3.7.4] implies that after changing v within its
right integral coset we may take g = ¢, lew in G(K,,). Consequently, we have the equality
M (y) = g~ o0 (g) = u do(u).
The comparison maps respect the quasi-isogeny and Hecke identifications by the proof of
[KSZ21, Proposition 5.10.4]. Thus the descent in (4.2.6) is represented by €, (b,0)". On the
other hand, the norm identity gives

1 -1
“ €p

(bpo)"cp = 0"
Since 0" (g) = g, the descended integral crystal over W,, has Frobenius factor g~'dco(g). Thus,

applying pr® and Proposition 2.52 yields §(y) = (pr® (6"%(y))), as desired. O

To carry out our Lovering-type yoga to from the Hodge-type case to the abelian-type case, we
make use of the following notion of nice Hodge-type liftings.

Notation 4.146 ([KKSZ21, Definition 6.2.1] ). Let (G2, X2, p, §2) be an unramified Shimura datum
of abelian type. A nice lifting is an unramified Hodge-type datum (G, X1, p, 1) together with an
isomorphism of Shimura data (G34,X3d) = (G34, Xa4) such that E(G1,X;), = E(G34,X3d),,
the induced isomorphism G341 = G3? lifts to a unique central isogeny G4 — G$°", and its
localization at p extends to an isomorphism G4 = Gad.

Remark 4.147. By [KSZ21, Lemma 6.2.2], nice liftings of unramified abelian-type Shimura
data always exist.

Proposition 4.148. Suppose that (G, X) is of abelian type. The Langlands—Rapoport-T bijection
furnished by [KSZ21, Theorem 6.3.5] can be chosen to be compatible with the syntomic realization.

Remark 4.149 (Setup for the proof). Before we begin the proof, let us first describe some
setup. First, we choose the nice lifting (G1, X1, p, 1), the matching, and the element g used
in [KSZ21, Theorem 6.3.5] and its proof, with the representatives n, = (1,7%) of Notation 4.131.
Second, in the proof we freely use [[KY24a, Theorem 2.18|, which shows that the crystalline
realizations of the syntomic canonical models are the crystalline canonical models from [Lov17al;
for readability we shall refer to these common objects as ‘canonical’.

We will then roughly follow the same strategy used in the proof of [IKY24a, Theorem 3.6|,
making use of the data from [[KY24a, Lemma 2.9]. For this construction, set E; = E(Gq, X)),
F =EE, and T = Resp/q Gy r. The auxiliary datum is formed over the common field F, as in
[Lov1T7a, Proposition 3.4.2 and §3.4.3]. With hp and the maps of that construction, we obtain

(G x T, X1 x {hr}) & (G2, X2) & (G, X),
G1 x T G5 = Gy xgu T° 5 G,
as described in loc. cit. Let us write 7: §; — STb and p: T¢ — S?b for the maps defining 5.
Write .71, Y7, S, . for the integral canonical models over W, at compatible neat prime-to-p
levels, which we suppress. Functoriality, as in [[KY24a, Lemma 2.9], gives

S ) S &L A P2y g
Fix w9 in .#(k), and set
z1 = pry ay(z2), x7 = prp oy (T2), T = By (x2).
Here pr; and prq are the projections from .7 xyw_ 7. We will then verify that the relevant
Langlands—Rapoport-7 conjecture is compatible with syntomic realization at the points z;
(already completed in Proposition 4.145), xp, x2, and z, in that order.
Let first spell out what that means. In integral trivializations for an F-crystal with H¢-structure

(for a group H occurring above), write b and V' in H¢(K ) for the Langlands-Rapoport and
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canonical Frobenius factors (really the first after applying pr¢). The required comparison is an
element a in H¢(Wy,) such that ¥ = a~'bo(a), chosen compatibly with the maps of Shimura
data as well as the quotient and Hecke identifications. For a Hecke-fixed point, let us set n = mr
as in Notation 4.132, and write Do™ and D’c" for the respective descents of (4.2.6). The same
element must also satisfy the equation D’ = a='Do"(a). Indeed, these two identities identify
the descended integral crystals of b and ', and hence their classes by Proposition 2.52.

Once this comparison at the points are done, we will have shown that the Langlands—Rapoport-
T conjecture on . is compatible at all points in the image of .%. We then finally use compatibility
with the Hecke action to reduce from a general point to such a point in the image.

Proof. We continue the setup from Remark 4.149.

Step 1: the case of 7. We use the Langlands—Rapoport bijection for (T, {hr}), from [Kisl7,
Proposition 3.6.7]. Denote by br and b the Langlands-Rapoport and canonical Frobenius
factors, respectively. Using [KSZ21, §4.3.13 and Proposition 4.3.14] applied to T¢, and [Lov17a,
§§3.2.1-3.2.2|, we obtain an element ¢ in T¢(Ky,) with b, = t~1bro(t). Now, both by and bl
have valuation o(—pug ), by (4.3.1) and Proposition 2.26. Thus, choosing a o-invariant element
v of X, (TG ) with (x,v) = vp(x(t)) for x in X*(T%_), we may set t° := tv(p)~', an element of
T¢(Wso). Then, by design (t°)~tbro(t°) = by But, also this correction ¢ — t° is multiplicative,
commutes with torus morphisms and o, and fixes integral elements. It therefore preserves
Frobenius compatibility and the integral identifying maps in (4.2.6). Thus this Langlands—
Rapoport bijection is compatible with syntomic realization at z7.

Step 2: the case of z3. For (Gg,X3), the Langlands—Rapoport-7 bijection of [KSZ21, §6.2.3
and Theorem 6.2.4] is obtained from the chosen Hodge-type bijection on a connected component,
using Gger = Grcl1er and applying the quotient construction to both sides; see [Kis17, Corollary
3.8.6 and (4.6.11)—(4.6.12)].

Note that the projections . — % and %% — % commute with the relevant Langlands—
Rapoport-7 bijections, in the obvious sense. The first by definition, and the second follows from
the component identifications in [Kis17, Propositions 3.6.7 and 3.6.10].

Now, fix integral trivializations of the two underlying G§-torsors at 2, and let be and b, be
the Langlands—Rapoport and canonical Frobenius factors. In the induced trivializations at x1,
the integral isomorphism from the canonical crystal to the Langlands—Rapoport crystal supplied
by the proof of Proposition 4.145 is represented by an element a; of G1(Wao).

On the other hand, the Hodge and toral comparisons are chosen from the same special-point
comparison of [KSZ21, §5.7.4], so their images on the common abelianized factor agree, by
[KSZ21, §4.5.1 and Proposition 4.5.2| and [Lov17a, proof of Theorem 3.5.1]. This agreement is
preserved by the chosen twists, as checked in [KSZ21, Theorem 5.12.5] and part (III) of the proof
of [KSZ21, Proposition 5.11.13].

From this discussion we deduce 7(aq1) = p(t) for the toral comparison element t from Step 1.
Since 7 is defined over Z,, this equality implies the following containments/equalities:

p(t) € W), pu(r) =0, p(t°) = (1),
where v and t° are those from Step 1. Consequently,
as == (a1,t°) € §S(Wx), by = a;lbga(ag).

The Frobenius identity and compatibility with the identifying maps in (4.2.6) can be checked
after applying the closed immersion a, where they are exactly the Hodge and toral comparisons.

Step 3: the case of z. For (G, X), the bijection fixed at the beginning of the proof is obtained
from the same connected Hodge-type bijection by [Kis17, Corollary 3.8.12 and (4.6.11)—(4.6.12)],
as used in [KSZ21, proof of Theorem 6.2.4]. This construction is compatible with the map S.
Let us fix integral trivializations (induced by those at x9) at x with Langlands—Rapoport and
canonical Frobenii b and ¥, respecitvely.
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Then, by construction, one has b = 3¢(b2), and by [IKY24a, (2.4.1)] one has b’ = 3°(b),). Thus,
we may take the comparing element a := 3(ag) € §°(Wx). The Hodge comparisons intertwine
the quotient actions, including the adjoint action, by [Kis17, proofs of Propositions 4.4.14 and
4.4.17] and [KSZ21, proof of Theorem 6.2.4]; and the toral comparisons also intertwine by direct
inspection. The corresponding canonical-model compatibility is proved in [Lov17a, proof of
Theorem 3.5.1|. Hence the comparisons descend to the image of 5, compatibly with Frobenius
and the identifying maps in (4.2.6).

Step 4: Hecke translation. Finally, the Hecke translates of the image of 5 cover the target
as the prime-to-p level varies; see [[KY24a, Lemmas 2.9 and 2.4]. The syntomic realization is
Hecke-equivariant by (4.1.4) and (4.2.5). On the Langlands-Rapoport side, h? in G(A?) acts by
(zp, 2P) > (2p, 2PRhP), leaving z, unchanged, and the bijection is equivariant; see [KSZ21, §§2.4.7,
2.7.1, and Theorem 6.3.5]. Thus the comparisons extend equivariantly to all components. U

We then obtain the following unconditional version of the Langlands—Kottwitz—Scholze formula
in the abelian-type setting.

Corollary 4.150. Suppose that (G,X) is of abelian type. Then there exists an integer mo > 1,
depending only on fP, such that for every m > mgy and 7 in ®]'Ig:

T )= 3 3 ial) e uEtn)ale KO, (7)T0s (45%)

Y0EXkp c€RP(70)NEPB, (p™)
a(c)=0

If G* is Q-anisotropic, then one may take my = 1.
Proof. Given the above discussion, the only things to remark are: (a) by Remark 4.66 we

automatically have f-adic contractibility of the boundary; and (b) if G is Q-anisotropic, then
the integral canonical model is proper; see [Wu25, Corollary 4.51] and [MP19, Corollary 4.1.7]. O

4.4. Stabilization. We now give a stabilized form of the Langlands—Kottwitz—Scholze formula.
This essentially follows from closely imitating [KSZ21, §8|, and so we discuss the setup and proof
fairly briefly. We strongly encourage the reader to refer to loc. cit. for details, and to see §5.1 for
some of the relevant harmonic analysis (although only locally at p).

Setup 4.151. Retain Setup 4.70, and fix:
e fP and h as in (4.3.5), with fP bi-KP-invariant and KoKP neat;
e an irreducible algebraic representation £ of GC@ and an isomorphism ¢y: Q, = C;
e m>1and7in ®'/Eg.

Put n =mr and ¢ = ¢S',’ZX, and use W,,, and K, from Notation 4.93.

Notation 4.152. Set:

e Uy= Z(Af) N KgK? = Uo,pUg;

o %0 = U()Z(R).
We use the adelic quotient measures of [KSZ21, §8.1.2|, with Uy of volume 1, and write 7y, for
the central-quotient Tamagawa volume as defined in loc. cit.

Notation 4.153. For a p™-admissible Kottwitz parameter ¢ = (yp;a, [b]) with a(c) = 0, use
Iy = I, of Notation 4.101 and the real inner form I, of Construction 4.116. Put

T%o ({o)
vol(Z(R)\I(R))’
with centralizer measures as in [KSZ21, §8.1.2 and Lemma 8.1.3].

K52 (e, KP) =

Remark 4.154. One has an identification of ¢; of Definition 4.122 with ¢X5% in the normalization
of the Haar measures discussed above.

We next specify the endoscopic transfers of functions needed for this stabilization.
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Notation 4.155. Let E.(G) be representatives for the elliptic endoscopic data of [KSZ21,
Definition 7.2.2]. Choose the following data:

e a global z-extension G; — G unramified at p, and its associated extensions H; — H
with common induced torus kernel Zj, as in [KSZ21, Lemmas 7.2.5-7.2.6];

e the transfer factors of [KSZ21, §8.2.1];

e ordinary transfers f%P of fP and twisted transfers ¢° of ¢; see §5.1.3 for the latter.

Notation 4.156. Let Z, be the inverse image of Z C Z(H) in Hy, with projection ¢.: Z, — Z,
and let A\, be the transfer character of [KSZ21, (8.2.1.1)]. The finite transfer functions of Notation
4.155 transform under Z;(Ay) by )\Q\ZI(AH. For a compact open subgroup U, C Uy, set:

o X = U,UYZ(R);

° X|UpU§ =1 and X’Z(R) = wgl, where we is the central character of ;

o X, =¢q }(X) and Q. = (x 0 q)A\; L.
We will furthermore use the quotient measures of [KSZ21, §8.2.1].

Remark 4.157. Below we will use €2, as a subscript on a trace distribution to specify the
character of the representations. Thus the test functions we will consider satisfy

F(zz) = Q(2) " F (), z€X,, zeH(A);
see |[KSZ21, §7.1.4]. At p, with the compatible z-pair used below, this gives

X1 = Aeplz1(Q,)s Qeplzi0,) = X1
see [KSZ21, §7.4.7]. Note this datum gives a character on X, not necessarily on all of Z(H;)(A).

Using the following elementary lemma, we may choose a U, so that the additional central
averaging preserves the transferred orbital integrals.

Lemma 4.158. Set A = ker(§ — G¢). Then, there is a compact open U, C Uy, containing
A(Z,) for which the finite transfers, together with the archimedean factor of [KSZ21, §8.2.5|, may
be chosen to have transformation character Q7.

Notation 4.159. With this central data esbalished, set

Frne =P S, (4.4.1)
where f§ is the archimedean factor of [KSZ21, §8.2.5]. We also set
((G,e) :=7(G)T(H) | Out(e)| "
Here 7(L) denotes Tamagawa number of L, and Out(e) is the automorphism image as in [KSZ21,

§7.2.3]; compare [KSZ21, (8.3.7.1)].
Definition 4.160 (|[KSZ21, (8.3.7.2)]). The stable elliptic distribution is

STHG (F) :i=7x,(Hy) > [Staby,(7)|7'SO,(F),
YEXen, x, (H1)

where Xy x, (Hp) is the set of stable conjugacy classes of elliptic semisimple elements of H;(Q),
modulo multiplication by X, q := X, N Z(Q), and Stabx, () consists of those z in X, g for which
z7y is stably conjugate to -, before taking this quotient. Note that the factor 7x,(H;) makes use
of the central quotient measures of [KSZ21, §8.1.2 and Lemma 8.2.2].

Observation 4.161. With m and K? fixed, shrinking U, to an open compact subgroup containing
A(Z,) does not change the stable elliptic values.

We next observe the support condition needed in imitating the stabilization argument from
[KSZ21, §8| below.

Observation 4.162. One has |¢| < BoXS? for some B > 0. Consequently nonvanishing of
TOs(4) implies nonvanishing of TOs(pK5%).
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Finally, we can state and prove our stabilized trace formula.
Theorem 4.163. Assume (4.3.23) with the normalization of Remark 4.154. Then

T(rh fP) = Y G, 0)SThlq (fine)- (4.4.2)
e€€en(G)

Proof. This essentially follows by copying [KSZ21, Theorem 8.3.10]; we now elaborate on this.
First, using [KSZ21, Lemma 8.1.3] and character orthogonality on &(Iy, G;A/Q) we may
rewrite the Langlands—Kottwitz—Scholze formula as in [KSZ21, (8.1.4.2)], with ¢ replacing ¢p;
note that Observation 4.162 verifies the Kottwitz support condition as in loc. cit. We may then
apply the twisted transfer of [KSZ21, Proposition 7.4.13| at p, ordinary transfer away from p, and
[KSZ21, (8.2.5.2)] at co. Note that, as in the proofs of [KSZ21, Lemmas 8.2.8 and 8.3.8|, only
relatively regular classes contribute here, and moreover their centralizers in H; are connected.
The global image and fiber calculations of [KSZ21, Lemma 8.3.6 and proof of Theorem 8.3.10|
now give (4.4.2), where for the central measure comparison needed in this argument we make
use of Observation 4.161. O

5. THE SCHOLZE—SHIN CONJECTURE AND APPLICATIONS TO SHIMURA VARIETIES

In this final section we describe the Scholze—Shin conjecture relating the local Langlands
correspondence to the local test functions ¢, p; see [SS13, Conjectures 7.1 and 7.2]. We then use
this to give conditional decompositions of the cohomology of Shimura varieties and formulas for
the semisimplified partial Hasse—Weil (-functions.

The real major updates to loc. cit. are: (a) the existence of the functions ¢, allows one
to state this conjecture in full generality (at least for unramified groups); (b) to accompany
this maximum generality we must use a slightly more robust theory of (twisted) endoscopy as
explained in [KSZ21, §7]; and (c) we update the precise statement to not require dependence on
some hypothetical local Langlands correspondence, using instead the work of Fargues—Scholze.

Remark 5.1. One will see that we have devoted considerable space to making the statement of the
Scholze—Shin conjecture in the generality considered here as self-contained, both mathematically
and expositionally, as possible. This is done in contrast to something like §4.3 or §4.4. In fact,
we have given more self-contained treatment here even to some concepts already used in the
above sections.

Besides the issues of feasibility (the amount of setup in these other sections is too great), this
reflects the following: Unlike the above sections, where we feel as though it is the theorems
themselves which are valuable, the real content of the discussion below is in its setup.

5.1. Some preliminaries on (twisted) endoscopic transfer. The Scholze-Shin conjecture
relies, as part of its statement, on the (twisted) endoscopic transfer of functions. In this subsection
we discuss these constructions in the generality needed below.

Remark 5.2. This subsection is an extension of [SS13, §3.2|. The main difference is the removal
of the simplifying assumption that G is simply connected made in loc. cit. using [KSZ21, §7].
Notation 5.3. Throughout we use Notations 2.2 and 2.48, as well as the following:

o 1 < j <o

o d:=[K;:Qp] =rj;

o ¢ = (H,H,s,n) is an endoscopic datum for G in the sense of [KSZ21, Definition 7.2.2[;

e using [KSZ21, Lemma 7.2.5], we choose an unramified z-extension

30 1021 ->G  —-G—=>1 (5.1.1)

with Z; an induced torus, G{¢ = G5¢ and, as in the proof of [KSZ21, Proposition 7.4.13]
and [KSZ21, Lemma 7.2.13|, the required norm maps on its central torus are surjective.

Remark 5.4. Below we use the normalization of transfer factors from [KSZ21]. The normalization
in [SS13] differs by the convention explained in [SS13, Remark 3.2]. In particular, the analogue
of the pairing in (5.1.8) is written with an inverse in loc. cit.
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5.1.1. L-embeddings associated to 3. We first recall that our fixed z-extension 3 allows us to
replace ¢ by an endoscopic datum represented by an honest L-embedding.

Observation/Notation 5.5. Using [KSZ21, Lemma 7.2.6 and Lemma 7.2.9|, we may associate
with ¢ and 3 a central extension

1—-2,—-H —H—1, (5.1.2)

an L-morphism (g, : H — LH,, and an L-embedding 7 : LH, — LG4, compatible with n. If 51
denotes the image of s in Gy, then ¢; = (Hy, LH,, 51, 71) is an endoscopic datum for Gj.
Construction 5.6. The content of Observation/Notation 5.5 also produces a continuous character

x1: Z1(Qp) — C*; choose a splitting Wgo, — H and apply the classically normalized Langlands
correspondence for tori®® to the composition:

Wo, — 9 0 by — Lz,
This character is independent of the chosen splitting by [KSZ21, §7.2.10|.

Notation 5.7. We write H(,, (H1(Q))) for the space of locally constant functions f: H;(Q,) — C
which are compactly supported modulo Z;(Q,) and satisfy

f(zz) = xa1(2) f(z), z€ Z1(Qp), x € H1(Qp).

5.1.2. Endoscopic transfer. With notation as in Observation/Notation 5.5, we first discuss
endoscopic transfer of functions on G(Qp) to functions on H;(Q,).

Construction 5.8. Let h be an element of H(G(Q,)), and consider the natural averaging map
AVZl(Qp): :H(Gl (Qp)) — :H(G(Qp))v

(5.1.3)
hi — g»—>/ hi(zq1)dz |,
Z1(Qp)

where g1 in G1(Qp) is any lift of g (which exists since Z; is an induced torus). This map is
surjective, and we choose h; in H(G1(Qp)) whose image under (5.1.3) is h.

Choose an ordinary ej-transfer h{' in H(H1(Q,)) of h1, whose existence follows from endoscopic
transfer for the datum eq; see [KSZ21, Proposition 7.4.9]. We then obtain a function on H;(Q,)
with central character x; by the following definition:

ht(z) = / x1(2) A (2x) dz. (5.1.4)
Z1(Qp)

By construction, h® belongs to H,, (H1(Qp)).

Definition 5.9. With notation as above, we call any function h¢ in H,, (H1(Qp)) obtained from
h by Construction 5.8 an ordinary e-transfer of h.

The individual function A® is not canonical. That said, at least after fixing the z-pair, Haar
measures, and transfer factors, its stable orbital integrals are (largely) canonical.
To state this claim precisely, we first recall some standard definitions and notation.

Definition 5.10 (see [KSZ21, §7.4.1 and §7.4.3].). Let L be a reductive Q,-group. Two semisimple
elements  and ' of L(Qp) are stably conjugate if there exists x in L(Q,) such that ' = 2~ ya
and the class of the cocycle

Lo, = L,(Q,),  p—ap(z)™!,
belongs to the image of H'(Q,, I,) — HY(Qp, L+).
Notation 5.11. We write

36By the classical normalization we mean the one that sends uniformizers to arithmetic Frobenius, i.e., x7*
corresponds to the displayed parameter under the geometric normalization.
85



e I'(L) for the set of semisimple L(Q,)-conjugacy classes in L(Qp);
e X(L) for the set of stable semisimple conjugacy classes in L(Q,).

For v in L(Q,) semisimple, we write [y] and [y], for its image in I'(L) and 3(L), respectively.

The following definitions recall the notion of transfers of stable conjugacy classes from H; to
G1 (and thus to (), which is necessary to state the formula for the stable orbital integrals of hf.

Definition 5.12 ([KSZ21, §7.4.2|). Let vg, in H1(Q,) be a semisimple element, and choose a
maximal torus Ty, C H; containing yg,. We obtain a canonical Galois-stable Gl(ép)—conjugacy
class of embeddings j: (T, )g — (G1)g obtained by dualizing the inclusion of dual tori

P p

fﬂl CH a1;

see [KSZ21, §7.4.2|. Via j, we regard ®(Ty,, H1) as a subset of ®(3(Tw,),G1). We say that vg,
is (G1, Hy)-regular if o(yp,) # 1 for every o in ®(3(Ty, ), G1) but not in &(Ty,, Hy).
Notation 5.13. Let X(H1)(q,,H,)—reg De the subset of (G, Hy)-regular elements of %(Hy).

We can now precisely formulate the notion of transfer alluded to above.

Definition 5.14 ([KSZ21, §7.4.2]). Let vg, in H1(Qp) be (G1, Hi)-regular. Then, with notation
as in Definition 5.12, the element j(vz, ) determines a semisimple Galois-stable Gl(ép)-conjugacy

class which is independent of choices. Since G is quasi-split and G = G5°, this geometric
conjugacy class contains an element of G1(Qp); see [Kot82, Theorem 4.4]. We thus obtain a map

transf(GhHl): E(Hl)(G1,H1)7reg — E(Gl),
and by composing it with the natural map 3(G71) — X(G) a natural map
transf(G’Hl): E<Hl)(G1,H1)7reg — Z(G)

Finally, we give notation that will allow us to talk about (a slight refinement of) the rational
conjugacy classes within a given stable conjugacy class.

Notation 5.15. Let L be a reductive Q,-group and let v in L(Q,) be semisimple. Set
9(1’77 L7 Qp) = ker (Hl(QIN I’Y) — Hl(Qp7 L)) °
For [z] in ©(I,,L;Qp), choose = in L(Q,) such that p — zp(x)~' is an I,-valued cocycle

representing [x]. As [z] maps trivially to H'(Q,, L) one may choose z so that v, := z~ vz
belongs to L(Qp). We write y[x] for the element [y;] of I'(L). The resulting map
Q(I’Y)L; Qp) - F(L)7 [l‘] = ’Y[x]v

has image equal to the set of conjugacy classes contained in [7]s.
We give our last piece of notational setup by setting our notation for (stable) orbital integrals.

Definition 5.16. Let L be a reductive Qp,-group and let v in L(Q,) be semisimple. For f in
H(L(Qp)), we define the orbital integral

_ d
0,(f) = / flo ) %,
L(Q)\L(Qp) di

.
where the measure on the quotient is the one induced by the fixed Haar measures. Evidently
O (f) only depends on [y] and thus the notation O.(f) makes sense for ¢ in I'(L).

Similarly, for such a v we define the stable orbital integral by

SOW(f) = Z e(I'y[m]) O'y[x](f)v

[z]€D(Iy,L;Qp)

where e(1,[) is the Kottwitz sign; see [Kot83]. It’s clear that SO, (f) only depends on [y]s, and
thus the notation SO.(f) is well-defined for ¢ in 3(L).
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We finally come to the following, which says that while the function h® is not unique, its stable
orbital integrals at (G, Hy)-regular stable conjugacy classes are uniquely determined. It is only
these stable orbital integrals that will be relevant for the Scholze—Shin conjecture.

Proposition 5.17 ([KSZ21, Proposition 7.4.11]). Let ¢ be an element of ¥X(H1)(c, H,)—reg- LThen,

SO.(h°) = Z e(Iw[a:])Ae(’wa7[$])Ov[x](h) where [y]s = tranSf(G,H1)(C) (5.1.5)
[x]€D(14,G;Qp)

where A*(c,v[x]) is the normalized endoscopic transfer factor (see [KSZ21, §7.4.4 and §7.4.7]).
Proof. Choose h; and h{" as in Construction 5.8. By [KSZ21, Proposition 7.4.11] one has that

the analogous equality as in (5.1.5) holds for h; and h{'. Given the definition of A%, the claim
then follows by averaging along Z1(Qp). O

5.1.3. Twisted endoscopic transfer. We now discuss the case of twisted endoscopic transfer
of functions on G(K) to functions on H1(Qp).

Following [KSZ21], we initially assume, for the sake of readability, that s itself is I'q -invariant.
We will then reduce from the general case to this case.

Construction 5.18. Assume that s is in Z(fI)FQP. Set Rq;1 := Resg;, /g, G1,k;, and let 61 be
the automorphism of Rq; induced by the arithmetic Frobenius of K;/Q,. There is an L-map
v MGy — LRdJ which, via ]de’l = éld, is the diagonal embedding on dual groups.
Set 51 = (s1,1,...,1), and let
a: Wo, — Cent((tq 0 n1)(ﬁf1),§d,1)
be the unramified 1-cocycle for the action induced by ¢g0m1, characterized by a(Frob,) = s1, where

Frob,, is an arithmetic Frobenius lift. Writing 7; = a-(tgom1), the quadruple ¢; = (Hj, LHy,51,71)
is a twisted endoscopic datum for (R 1,01); see [KSZ21, §7.2.14].

Remark 5.19. Construction 5.18 is the z-pair version of [SS13, §3.2, equation (6)].
We next recall the notion of twisted endoscopic transfer of functions associated with ;.

Construction 5.20. Let ¢ be an element of H(G(K)), and consider the natural surjective
averaging map

Avz (i, H(G1(K;)) = H(G(K;)),

P1 (9'—> /Z (K‘)¢1(Zg1)d27> ;

where g in G1(Kj) is any lift of g. Choose ¢; in H(G1(K;)) whose image under (5.1.6) is ¢.
Choose a twisted ¢j-transfer ¢{' in H(H;(Q,)) of ¢1; see [KSZ21, §7.4.12]. We then impose
the central character y; by setting

6 (2) = / (2) 6 (2) dz. (5.1.7)
Zl(Qp)

By construction, ¢¢ belongs to H,, (H1(Qp)).

(5.1.6)

Definition 5.21. With notation as above, we call any function ¢* in H,, (H1(Qp)) obtained
from ¢ by Construction 5.20 a twisted e-transfer of ¢.

Again the individual function ¢° is not canonical, but its stable orbital integrals at (G, H)-
regular elements are. To state this we again must recall some further definitions and notation in
this twisted setting.

Definition 5.22. Let L be a reductive Q,-group and ¢ the arithmetic Frobenius of K;/Q,. Two
elements § and 0’ of L(K;) are o-conjugate if &' = g~'d0(g) for some g in L(K;). For an element
d of L(Kj), write L§ for its o-centralizer which, for a Q,-algebra A, has points

L3(A)={g€ L(A®q, K;): g 'd0(g) =6} .
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We then set I{ := (L§)°.

Remark 5.23. We have previously encountered o-conjugacy in §2.2.5, and o-centralizers in
Remark 3.13. As the context for these considerations is totally different from the one here, we
have chosen to redefine things here and use distinct notation.

Definition 5.24. For § in L(K;) o-semisimple,®” and ¢ in H(L(kK;)), we define its o-twisted
orbital integral at & by
dg

O = —15 —=.
TON@) = [ el

This depends only on the o-conjugacy class of 9.
The twisted analogue of transfer of stable conjugacy classes is the notion of norms.

Definition 5.25 ([Kot82, §5]). Let d; be an element of Ry1(Qp) = G1(Kj). A semisimple

element 701 of G1(Qp) is called a degree d norm of é; if it is conjugate in G1(Q,) to
Nd(él) = (510’(51) cee Ud_1(51).

This condition depends only on the o-conjugacy class of §; and the stable class [y91]s.

For ¢ in E(Hl)(Gl,Hl)—rega we say that c is a norm of 01 if there exists a degree d norm g1 of
d1 such that [y0,1]s = transfq, g,)(c). We say that c is a norm from R41(Qp) if it is a norm of
some element of Rq1(Qp).

Notation 5.26. Let vy be a semisimple element of G(Q,), and as usual let B(/,,) denote the
set of o-conjugacy classes in I, (K«). We define

Di(70,G;Qp) = {[b] € B(I,,) : there exists a € G(K) with a 'ypa = ailNd(b)ad(a)} :

Construction 5.27. For [b] in D4(y0, G;Qp), choose b and a as in the condition for membership
in D4(v0,G;Qp) and set § := a~'bo(a). By [KSZ21, Lemma 1.6.7|, § belongs to G(K;), its
o-conjugacy class is independent of the choices of a and b, and ~q is a degree d norm of §. We
denote this o-conjugacy class by d[b], and abusively also use §[b] for any representative of it.

Notation 5.28. For v a semisimple element of G(Q,) and [b] an element of D 4(vo, G; Qp), write
Bp(10, 0]) := rr, ([B]) € X*(Z(1,) %),
where ki : B(ly,) — X*(Z(i,O)FQP) is the Kottwitz map as in [Kot97, §7].

We finally come to the following, which says that while the function ¢° is not unique, its stable
orbital integrals at (G, Hy)-regular stable conjugacy classes are.

Proposition 5.29 ([KSZ21, Proposition 7.4.13]). Suppose that ¢ in 3(H1) (G, m,)—reg 15 evhibited
as a norm from R41(Qp) via the element vo,1 in G1(Qp) and let 7o be its image in G(Qp). Then,

SO(¢) = Af(e0) D elIFy) (Bp(r0, [B]), 8) TOsp(9)- (5.1.8)
[b]€D4(70,G:Qp)

On the other hand, if ¢ is not a norm then SO.(¢*) = 0. Here A{(c,v0) is the normalized
endoscopic transfer factor as in [KSZ21, Proposition 7.4.13|.

Proof. Choose ¢1 and ¢7' as in Construction 5.20. Proposition [KSZ21, Proposition 7.4.13|
gives the asserted vanishing and the corresponding orbital-integral identity upstairs on Gj.
Moreover, [KSZ21, Lemma 7.3.6] identifies ®g(70,1, G1;Qp) with D4(v0, G;Qp), and under this
identification the associated o-conjugacy classes, Kottwitz invariants, and Kottwitz signs map
to those appearing above. Finally, the comparison of transfer factors in [KSZ21, (7.4.12.1)]
contributes the factor (5,(vo, [b]), s).This establishes the claim upstairs on G1, and the claim on
G itself follows by averaging over Z1(Kj). O

37Recall that this means that 60(3) - - - 0%~ (6) is semisimple.
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Finally, we recall, following [KSZ21, §7.4.17], how to remove the assumption that s belongs to

~

Z(H) % in specific cases (that are sufficient for the setting of the Scholze-Shin conjecture).

Remark 5.30 ([KSZ21, §7.4.17 and Corollary 7.4.18]). To remove the assumption that s lies in
Z (ﬁ[ )FQP we must assume that our function ¢ has the property that the Kottwitz invariant k¢ is
constant on the support of ¢. Let us write v4 for this common character of Z (@)

Suppose now only that s is in Z (ﬁ ez (é) (the general case for an endoscopic datum),

and choose a factorization s = §'s”, where s belongs to Z(H) % and s” belongs to Z(G). If
¢/ == (H,H,s',n), we define ¢* := 1/¢(s”)¢>e/. Equivalently, for every [b] such that TOgp(¢) # 0,

the character £,(7o, [b]) admits the extension

B0, b)) € X*(Z(L,0)" > 2(G),)

prescribed in [KSZ21, §7.4.17] whose restriction to Z(G) is vg.
So then, if ¢ is a norm from R4 1(Q,), formula (5.1.8) then takes the uniform form

SO.(¢°) = Ap(c,70) > ey <§p(707 [0]), S> TOsp) (), (5.1.9)

[b]€D4(70,G;Qp)

where a summand is understood to be zero if TOg(¢) = 0. If ¢ is not a norm from Ry ;1(Qp),
then also as in the previous case SO.(¢%) = 0.

Remark 5.31 (Dependence on z-extension). In both our discussion of endoscopic transfer and
twisted endoscopic transfer we made an auxiliary choice: the z-extension 3. While the transferred
functions are not literally independent of 3, the dependence is mild.

Namely, the stable orbital integrals of these transfers are compatible with enlarging 3. More
precisely, suppose that 3’ is an enlargement of 3 as in [KSZ21, Lemma 7.2.13|, and write H] and
X} for the associated objects. There is then a compatible inclusion Hy — Hj, and X restricts
to x1. Restriction along H1(Qp) — H1(Qp) identifies 3, (H{(Qp)) = Hy, (H1(Qp)). With
compatible measures and transfer factors, the transferred stable orbital integrals agree under this
identification; see the proof of [KSZ21, Proposition 7.4.13].

5.2. The Bernstein center, the spectral Bernstein center, and the Fargues—Scholze
map. The more conceptual version of the Scholze-Shin conjecture is stated in terms of maps
between the Bernstein and spectral Bernstein centers. We now briefly review this material, in
particular recording the large improvements in our knowledge since the writing of [SS13].

Notation 5.32. In contrast to previous sections, throughout this subsection:

e F'is a p-adic field;
e (G is a connected reductive group over F;
e Repd"(G(F)) is the category of smooth complex representations of G(F').

5.2.1. The Bernstein center. We first briefly recall the theory of the Bernstein center of G(F),
in particular recalling the explicit geometric description used later.

Definition 5.33. The Bernstein center of G(F') is the ring
2(G) = End (idnepgrc(r) ) -

i.e., the ring of natural-in-m endomorphisms z(m): 7 — .

Remark 5.34. If 7 is an irreducible object of Rep&"(G(F)), then z(m) must be the action of a
scalar by Schur’s lemma. We abuse notation and let z(m) also denote this scalar.

We next recall the Bernstein variety ©(G), whose ring of regular functions identifies with Z(G).
This requires recalling some basic definitions from the theory of the Bernstein center; see (for
example) [Roc09] for a nice overview of this theory.

Setup 5.35. A supercuspidal pair for G consists of a pair (M, o), where
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e M C G is a Levi subgroup;
e 0 is an irreducible supercuspidal representation of M (F).

An object m of Repg®(G(F')) has supercuspidal support sc(m) = (M, o) if, for some parabolic

subgroup P C G with Levi quotient M, the representation 7 is an irreducible subquotient of the

normalized parabolic induction i%(o).

Two supercuspidal pairs (M, o) and (M',¢’) are inertially equivalent if there exist g in G(F')
and an unramified character (see (5.2.1) below) x of M (F') such that

M =gMg™, o ~% %,

where 9(—)(z) := (—)(g txg). We write 5 = [M, o]¢ for the inertial equivalence class of (M, o)
and B(G) for the set of such classes.

We next recall the algebraic tori from which the Bernstein components are formed.
Notation 5.36. For a Levi subgroup M C G, set
MF) = (] ker(xlr: M(F)— Rso)

X€XE (M)
and define the space of unramified characters of M:
Xpne(M) :=Hom (M (F)/M(F)*,C*). (5.2.1)

As M(F)/M(F)! is a free Z-module, X,,,(M) is naturally an algebraic torus.
For a supercuspidal representation o of M (F), there is a natural finite subgroup of X, (M):

Xp(M,0) :={x € Xpxy(M) :0®@ x ~0},
Thus, for s = [M, 0]g, the quotient Dy := Xy, (M)/Xn (M, o) is again an algebraic torus.
Notation 5.37. For s = [M, o]q, we define

B {9 € Nog(M)(F):9 ~ ¢ @ x for some x € Xn,(M)}
- M(F) '
This is a finite group acting algebraically on D;.

W, :

We can now state Bernstein’s description of the center in terms of this variety:

Theorem 5.38 (|[Ber84|). Let s = [M,o|g be an element of B(G).
(1) The set Q(G) of G(F)-conjugacy classes of supercuspidal pairs inertially equivalent to
(M, o) has the structure of an affine variety, namely, Qs(G) ~ Dg/Ws.
(2) If Repg(G(F)) denotes the full subcategory of Repe™(G(F')) of smooth representations
all of whose irreducible subquotients have supercuspidal support in s, then:

Rep(G(F) = [[ Rept(G(F). (5.2.2)
s€B(G)
(3) Set UG) = [sem () (G). Via (5.2.2), there is a canonical isomorphism
Z(G) = T(AG), 0q(@))- (5.2.3)

We next recall the distribution-theoretic description of the Bernstein center.

Definition 5.39. A distribution on G(F) is a C-linear map D: Hc(G(F)) — C. For f in
He(G(F)), set f(g) := f(g~1). If D is a distribution and f is in Hc(G(F)), we define

Dxf:G(F)—~C,  (Dxf)(g):=D(z~ f(z"'g)). (5.2.4)
We say that D is essentially compact if D x f is in Hc(G(F)) for all f, and is G(F')-invariant if
D(Ef)=D(f),  ‘f(x):= flg 'xg).

We write Diste.(G(F))“H) for the space of essentially compact G(F)-invariant distributions.
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Remark 5.40. If D; and D, are essentially compact distributions, then the operation

(D1 % Do)(f) := Di(Dyx f),  Di(h) := Dy (h) (5.2.5)
endows Distec(G(F))“) with the structure of a commutative C-algebra.
Theorem 5.41 ([Ber84, §1.4-1.7]). There is a canonical isomorphism of C-algebras
2(G) = Distee(G(F))CE), 2+ D,, (5.2.6)
characterized as follows: for every object m of Repg™(G(F')) and every f in Hc(G(F)) one has
(D, x f) = z(m) o (f), (5.2.7)
where for h in Hc(G(F)), w(h) is the natural operator on m induced by h; see Notation 3.26.

Observation/Notation 5.42. From now on we confuse the notation for z and D,, using z for
both. Thus, for f in Hc(G(F)), the notation z(f) denotes evaluation of this distribution at f,
while z % f denotes the convolution in (5.2.4).

Now, Theorem 5.38 gives the Bernstein isomorphism

2(G) = L (AG), 9g(c)) » 2 Z. (5.2.8)
If 7 is an irreducible object of Repg"(G(F)) then z(m) = Z(sc(w)) as elements of C. Thus (5.2.7)
implies that for every f in Hc(G(F)) one has
m(z* f) = 2(x) - 7(f) = Z(sc(m)) - w(f), (5.2.9)
and thus
tr(z* f | m) = z(m) te(f | 7) = Z(sc(m)) te(f | 7). (5.2.10)

This distribution-theoretic description of the Bernstein center allows us to define various
subspaces of it of a harmonic-analytic nature which feature prominently below.

Definition 5.43. A function f in Hc(G(F)) is unstable if SO (f) = 0 for every strongly regular
semisimple®® element v of G(F). Write Hc(G(F))™* for the space of unstable functions.

Definition 5.44. If f; and f; are two elements of Hc(G(F)), we write f1 =g fo if f1 — fo is
unstable, i.e., fi and fo have the same strongly regular stable orbital integrals.
Definition 5.45. We make the following definitions:

(1) We say z in Z(G) is stable if z (Hc(G(F))"™*) = 0. The set of such stable elements is
denoted Z5(G).

(2) We say 2z in Z(G) is very stable if z x Hc(G(F))"™ C He(G(F))"™t. The set of such
very stable elements is denoted ZV5'(G).

Proposition 5.46 (see [Han26, §1.1]). One has inclusions
ZV(@) C Q) C 2(G). (5.2.11)

Moreover:

(1) ZV%(G) is a C-subalgebra of Z(G);
(2) Z5%(G) is naturally a module over Z**(Q).

Remark 5.47. It is not known in general that Z5%(G) is a subalgebra of Z(G), but it is conjectured
to be so; see [BKV15, p. 27].

38A semisimple element 7y of G(F) is strongly regular if its centralizer in G is a torus.
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5.2.2. The spectral Bernstein center. We now recall the spectral Bernstein center of G.
Throughout, we continue to use Notation 5.32, and fix a I'p-stable pinning of G.

Notation 5.48. Choose a lift of (arithmetic) Frobenius Fr and a topological generator s of the
tame inertia group Ir/Pp. Define W}(,l C WF to be the subgroup obtained as the preimage of
5%V s Fr? (where q is the size of the residue field of F') under the projection map Wg — Wg/Pr.

Definition 5.49 ([DHKM?25]). Define the presheaf on C-algebras R
(1) plwiwz) = (wr)(ws - @(wz))}

Zl WO & = : 0 q :
(W, G)(R) {<P Wr = G(R) = o) ¢|py is locally constant.

By the discussion on [DHKM25, p. 1831], ZI(I/I/']%7 CAT’) is a locally of finite type C-scheme called
the framed moduli of L-parameters.

There is a natural conjugation action of G on AU G) and a C-point ¢ of Z* (W2, G) is
called semisimple if its G-orbit is closed.

Notation 5.50. The coarse moduli space of semisimple L-parameters is the affine GIT quotient”
XSGpeC = Zl(W}q’ @)//@,
which, by [DHKM25, Theorem 4.18], is canonically independent of all choices.

Remark 5.51. Recall that classically a Weil-Deligne L-parameter for G is a pair (r, N) where
o r: Wr — LG = G(C) x Wp is a homomorphism of the form r(w) = (ro(w), w), with
0|1, locally constant and of ﬁnitAe image;
e N is a nilpotent element of Lie(G) satisfying
Ad(r(Fr))(N) =¢N,  Ad(r(7))(N) =N
for every v in Ip.

The set of Weil-Deligne L-parameters carries a natural action of G (C) via conjugation. Then,
despite the somewhat baroque presentation, Z(W2, CAJ)(C) is really naturally G (C)-equivariantly
identified with the set of Weil-Deligne L-parameters; see [DHKM25, Proposition 2.7].

Under this bijection semisimplicity in Z1(W2, é)(C) corresponds to semisimplicity of (r, N):
that N = 0 and r(Fr) is semisimple; see [DHKM25, Corollary 4.16 and Remark 6.9(ii)]. We shall
write such objects just as homomorphisms A: Wr — LG, and call them infinitesimal parameters.

We now come to the Galois-theoretic analogue of the Bernstein center.

Definition 5.52. The spectral Bernstein center of G is
2P°(@) i= O(XP) = T(2' (WP, G),0)°. (5.2.12)

Below it will be useful to understand X7 in terms of Haines’s stable Bernstein variety X, gai,
the Galois-theoretic analogue of (G) from Theorem 5.38; see [Hail4].

Definition 5.53 ([Bor79, §3]). A standard L-Levi subgroup of G is a subgroup of the form
JV[ M x W, where M° is a Wg-stable standard Levi subgroup of G. An L-Levi subgroup is a
G- conjugate of a standard L-Levi subgroup. For any such M we write M° := MnN G.

Definition 5.54. Let M C “G be an L-Levi subgroup, and set
. I °.
XMC) = ((Z(VC)'F) )5 (5.2.13)
this has the natural structure of a complex algebraic torus.
39Note that while Z' (W3, é) is not affine, it is a disjoint union of affine G-stable open subschemes, and thus

the affine GIT quotient here makes sense.
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Definition 5.55. Let \: Wr — M be an infinitesimal parameter and z an element of X (M?).
Choose a lift 2 in Z(M°)'¥ of z, and let 2X: Wr — M be uniquely characterized by the conditions
that (2A)|r, = A1, and (2X)(Fr) = 2A(Fr). Then the M°-conjugacy class (zA)ye of 2\ depends
only on z. We call it the unramified central twist of A by z.

Definition 5.56. Let A\, Ao: W — M be infinitesimal parameters which factor minimally
through the same L-Levi subgroup M.

(1) We say that A\; and A\ are inertially equivalent under M° if, for some z in X (M°), one
has (2A1)me = (A2)me. We write [A]ye for the resulting inertial class.

(2) Two G(C)-conjugacy classes (A1)g and (A\2)g are inertially equivalent if they admit
representatives A1 and Ao factorizing minimally through a common L-Levi M in which
they are inertially equivalent under M°.

The second relation is independent of all choices and is an equivalence relation; see [Hail4, §5.3].
Setup 5.57 ([Hail4, §5.3]). Let tye be an inertial equivalence class under M° and t the
associated inertial equ1valence class for G every inertial class for G arises in this way, with
(M, tpgo) determined up to G- conjugacy. Write Xy, . and X for the sets of M°-conjugacy classes

and G-conjugacy classes of infinitesimal parameters in fyq and t respectively.
The action of the torus X (M°) on Xy, ., by unramified central twist is transitive. For a base point
[Alateo, the stabilizer stab) is finite and acts algebraically on X (M°). Thus, Xy, ., = X(M?)/staby

has a natural algebraic structure. If we furthermore set
Ng(M, [Nae) = {n € NaOW) : ["Awee = Ao }

where "A(w) = nA(w)n~!, and Wy := Ng(M, [Aye)/M°, then Wy is a finite group, which
acts algebraically on Xy , and for which the natural map X, — X induces a bijection
Xy /Wi = X4, endowing X with natural algebraic structure.

We now arrive at the Haines variety which, as indicated before, has followed essentially the
same construction (translated to the Galois-theoretic setting) as (G) from Theorem 5.38.

Definition 5.58. The Haines variety is XHal L Xe.
Within the analogy of X2 and Q(G), the following is an analogue of Theorem 5.38.
Theorem 5.59 ([DHKM25, Theorem 6.10]). There is a canonical isomorphism X5 =5 X7,

Remark 5.60. We will often treat the identification of Theorem 5.59 as implicit, only highlighting
its usage when we feel it’s clarifying.

5.2.3. The Fargues—Scholze map. A relationship between Z(G) and Z°P°°(G) should be seen
as a manifestation of some kind of local Langlands correspondence for G; see [Hail4, Proposition
4.23]. But, while such a correspondence does not yet exist for arbitrary G, this relationship
between Bernstein centers does now exist unconditionally.

Theorem 5.61 (Fargues—Scholze and Scholze, [FS21, Sch26]). There is a natural C-algebra map
TES . 25P(@) — 2(@).
Notation 5.62. We write 2¥5(G) := im (P55 : 2°°°°(G) — 2(QG)).

Remark 5.63. In fact, Fargues—Scholze’s construction gives something even more precise. For
every irreducible object ™ of Repg”(G(F')) they define an infinitesimal parameter

QOES: Wrp — LG,
well-defined up to @(C)—Conjugacy, such that for every z in Z°P°“(G) one has the equality
VP (2)(m) = 2 ([er"]) - (5.2.14)

Here [} 5] denotes the corresponding closed point of X e = Xgai defined by gpgs.
93



It is useful to push the content of Remark 5.63 even further.

Proposition 5.64 (|[FS21, Corollary I1X.7.3]). Let P C G be a parabolic with Levi M, o an
irreducible object of Repi™ (M (F')), and 7 an irreducible subquotient of i%(c). Then

(58] = [Fnarc o 0] (5.2.15)
as elements of XX = Xgai, where LnMGz LM — L@ is the usual L-embedding.

Remark 5.65. From Proposition 5.64, we see that [¢F>] depends only on the supercuspidal
support of w. We therefore obtain a morphism of complex varieties

A Q(G) = X = XA se(n) o [FF].
Under the Bernstein isomorphism (5.2.8), we then have the equality WES = (AES)*.

Remark 5.66. If )\G arose from a local Langlands correspondence for G (e.g., as in [Hail4,
Proposition 4.23|), one would expect that it is a finite morphism. For example, this is part of
[SS13, Conjecture 6.3]. While the finiteness of )\gs is not currently known in general it is known
that AL is locally finite, i.e., finite on each component of Q(G); see [DHKM24, Corollary 3.5].
That said, the recent work [CF26| seems quite promising to upgrade this claim to actual finiteness
in the near future (at least in many cases).

If again \Ifgs arose from a local Langlands correspondence, then one would expect \Ilgs to
factorize through Z5%; for example this is part of [SS13, Conjecture 6.3]. In fact, an even stronger
claim is now known unconditionally.

Theorem 5.67 ([Han26]). One has the containment ZFS(G) C ZV54(Q).
Remark 5.68. It is expected that the inclusions
ZFS(G) C szt(G) C ZSt(G),

are all equalities; the second equality is [Var24, Conjecture 1.1.4]. In fact, if G is quasi-split one
expects that WES: 25°¢¢(@) — ZVY(G) is an isomorphism of C-algebras.

We next explain how Hansen’s theorem allows us to unambiguously associate to any atomically
stable virtual character of G(F)) a point of X

Definition 5.69 (cf. [BMY23, Definition 5.1]). A wvirtual character of G(F') is a finite C-linear
combination © = Z;’;l @;O, where O, is the Harish-Chandra character of an irreducible element
of Repg™(G(F')), which we view as an invariant distribution on G(F'). The set {m1,...,mn} is
called the support of ©.

We call © stable if © (Hc(G(F))™s") = 0. Assume furthermore that the 7; are pairwise
nonisomorphic and that every a; is nonzero. We say that © is atomically stable if it is stable and
no nonzero virtual character supported on a proper subset of {m1,...,m,} is stable.

Proposition 5.70 (cf. [Han26, Corollary 2.7]). Let © = >, ;0 be an atomically stable
virtual character. Then for any i and j we have the equality (%] = [@ZJS] in X2

Proof. Take any element z of Z°P¢¢((), and observe that

m

UES(2) x O = Z UES (2)(m1)ai®r, = Zz ([gpﬁ?]) a;Ox,,

i=1
with the last equality by (5.2.14). We claim that WES(2) x © is stable. Indeed, by Theorem 5.67
we have that WES(2) is in 2¥*(G) and so for any f in Hc(G(F))™ we have that WES(2) * f is
in Hc(G(F))"™st from where we deduce the following from the stability of ©
(TEP(2) * ©)(f) = O(YE(2) * f) = 0,
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from where the claim follows. But, then

m

Ui (2) 0 — 2 ([PE]) © =D (2 ([¢5?]) — 2 ([ey)])) @iOn,

=2

is stable with support contained in {7y, ..., 7, }. Thus, by the atomic stability of © we deduce
that this distribution is 0 which, as each a; is non-zero, implies that z ([@Ezs]) is independent of <.
As this holds for any z we deduce the claim. O

Notation 5.71. Let © = )", a;0, be an atomically stable virtual character. By Proposition

5.70 one has that [cpi | is independent of i. We denote their common value by go . For every z
in Z°P°¢(G) and every f in Hc(G(F')), one has

O (V&P (2) x f) = 2 (p5°) O(f). (5.2.16)

5.2.4. The fixed-central-character setting. Finally, for the Scholze—Shin conjecture it will be
useful to quickly adapt the above discussion to the situation of Section 5.1. We now fix notation
as in Notation 5.3 and Observation/Notation 5.5.

The Bernstein center. We begin by giving the appropriate analogues of the various parts of
the Bernstein center story from §5.2.1.

Definition 5.72. Set w; := X1_17 and define

e Repg"(H1(Qp))w, to be the full subcategory of objects of Repg™(H1(Qp)) on which the
group Z1(Qp) acts via wy;

e Z(Hy,x1) = End (1dRepS"‘(H1(Qp))w1>'
We next isolate the analogues of Definitions 5.43 and 5.45.

Definition 5.73. We make the following definitions:

(1) A function f in 3, (H1(Qp)) is unstable if SO,(f) = 0 for every strongly regular
semisimple element v of H1(Qp); write H,, (H1(Q, ))‘““St for the set of unstable functions.

(2) If fi and fo are two elements of H,, (H1(Qp)), we write fi =g f2 if fi — f2 is unstable.

(3) We say =z in Z(Hi, x1) is stable if z (Hy, (H1(Qp))"™') = 0. We denote the set of such
elements by Z5(Hzy, x1).

(4) We say z in Z(Hy,x1) is very stable if z * 3y, (H1(Qp))"™™* C Hy, (H1(Qp))"™*. We
denote the set of such elements by ZVS'(Hq, x1).

Proposition 5.74 (cf. Proposition 5.46). One has inclusions

2¥(Hy,x1) € 2 (Hi, x1) € Z(Hi, x1)-
Moreover, ZVS*(Hy,x1) is a C-subalgebra of Z(Hy,x1) and Z58*(Hy, x1) is a module over it.
The spectral Bernstein center. We now turn to the spectral Bernstein center.

Construction 5.75. The inclusion Z; — H; induces an L- homomorphlsm qz,: L, — Lz,
As Z7 is a torus, the geometrically normalized Langlands correspondence for tori identifies wy
with a parameter \,, : Wo, — Lz,.

Notation 5.76. The L-homomorphism “¢z, induces a map Xt = X7 Set:

o XGPS, 1= XK g { Dl
o TV (Hy, ) = O(XGES, ).
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The Fargues—Scholze morphism. Finally, we give the necessary adaptations of the Fargues—
Scholze map to this setting.

Proposition 5.77 (Fargues—Scholze, Scholze, and Hansen). There is a natural C-algebra map

xpgim D Z5PCC(Hy, x1) — 2V (Hy, x1).

Proof. This follows from Theorem 5.61 and Theorem 5.67 given the compatibility of the Fargues—
Scholze construction with central characters; see [FS21, Theorem 1.9.6(iii)]. O

We finally record the fixed-central-character analogue of Proposition 5.70.

Proposition/Notation 5.78. Let © = )", a;0, be an atomically stable virtual character of

H1(Qy), with each m; in RepE”(H1(Qp))w,. Then the points [¢5] of X?f;l do not depend on i.

We denote the common value of [gpis] by gogs. Then, for every z in Z°P*“(Hy, x1) and every f
in Hy, (H1(Qp)), one has the equality

O (T, (2) = f) = 2 (¥8°) ©(f). (5.2.17)

5.3. The Scholze—Shin conjecture. We are now prepared to properly formulate the analogue
of the Scholze—Shin conjecture in the general unramified situation.

Notation 5.79. Throughout the following we maintain the notation from Notation 2.2 and that
set out in Sections §5.1 and §5.2. We further fix:
e an integer j > 1 and an element 7 in Wi with v(7) = 7;
e an element h in H(G(Z,)), viewed by extension by zero as an element of H(G(Qp));
e an endoscopic datum ¢ = (H,H, s,n) for G, together with the z-pair and the notation
Hy, Gy, s1, n1, and x; fixed in Observation/Notation 5.5;
e a maximal torus T of G@, through which p factors;

e a set of positive roots ®* for T" with which p is dominant;

e pitobe 33 cor
a lift p1: Gy, xk — G1 ® K lifting .

We abbreviate the functions (;52;; from Definition 3.39 to ¢ 4.

In essence, the Scholze—Shin conjecture describes the values of \I’gs(z) for certain special
elements z of Z%°°(G) in terms of the function ¢, 5. Thus, to state it properly we need to
describe these special elements z, and the modifications of ¢, j, necessary to describe \Ilgs(z)

The functions z;7* and zf, .. We begin by describing the special elements z of Z%°*°(G), and
more generally Z°P¢¢(Hy, x1), that the Scholze—Shin conjecture concerns.
Construction 5.80 (cf. [Kot84, Lemma 2.1.2|). We let
Pyt Gi X Wi — GL(V,,y)
be the unique representation such that
(1) 7] &, 1s the irreducible representation V), of extremal weight u1;
(2) the action of Wi via r,, on the extremal weight vector in V,, is trivial.

Construction 5.81. Define the map

2 X, — C, [A] = tr (81 (A (7)) | Tu1>qj<pc’“>- (5.3.1)

Remark 5.82. Here there is the occurrence of sy, rather than s; ! as in [SS13]. This difference
reflects the difference in transfer-factor normalizations fixed in Remark 5.4.

Proposition 5.83 (cf. [Hail4, Proposition 4.28]). The map z; X is algebraic, and thus
determines an element of Z°P*°(Hq, x1).

For visual simplicity we give notation to the image of z;**°° under \Ilegsl -
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Definition 5.84. We define z,  to be the element of Z(Hi, x1) given by Wi (z7).

e, pec

Remark 5.85. For the fixed z-pair, the elements z,; and zfm are independent of the chosen

lift 11 of p. Indeed, changing the lift twists r,, by a character factoring through 21, whose
contribution on s171(A(7)) is trivial by construction.

Finally, we would like to specialize the above definitions to the case of the principal endoscopic
datum ey = (G, 1G, 1,id).

Remark 5.86 (The principal central elements). Consider the principal endoscopic datum
¢ = ¢riv = (G, G, 1,id). In this case the character x; is the trivial character 1.
Observe that there are canonical identifications

X o XU 2(G) = 2P, 1), 2(G) ~ Z(Gh, 1),

We write 2,7 in 2°P°°(G) and z,  in Z(G) for the elements corresponding to 2,

respectively. Equivalently, if

4 er,SpeC riv
: and z;fiv,
ru: G x Wi — GL(V,,)

is the representation attached to p as in Construction 5.80, then

(N = tr (A7) | ) P05,

and z, , = WES (2;27°).

The functions fe We next describe the modifications of ¢ p, used to describe zj, ..

Definition 5.87. As the support of ¢, is contained in §(W;)o(u)(p)S(W;) on which the
Kottwitz invariant is constant, the discussion from Remark 5.30 applies. Thus, it makes sense to
consider an e-transfer f:, of ¢, .

Remark 5.88 (Principal base-change transfers). Maintain the notation of Remark 5.86. We
have a natural identification Hc(G(Qp)) ~ H1(G1(Qp)). For any twisted eqriy-transfer fﬁf;;" in
H1(G1(Qp)) of ¢y 4, we write fr, for the corresponding element of Hc(G(Qp)).

The Scholze—Shin conjecture. We are now finally ready to state the Scholze—Shin conjecture
in full (unramified) generality.

Conjecture 5.89 (Scholze-Shin). For any endoscopic datum e, one has zj, . * h* = f7 .

T
Remark 5.90. At first glance it appears that the Scholze-Shin conjecture is not well-defined as
the transfer of functions is not. That said, this is not the case by the following observations:

o if ff_’;L is another e-transfer of ¢, then ff, =g :’;1;
e by Proposition 5.77 we have that zj, . is very stable, and thus if he' is another e-transfer
of h then z ok hS =g z * he'.

In practice, it is often more useful to state the following version of the Scholze—Shin conjecture
in terms of virtual characters.

Remark 5.91. Let O be as in the statement of Proposition 5.78. Then, if Conjecture 5.89 holds,
we have the following identity

O (f1) = =7 (o) © (1) (5:3.2)

Remark 5.92 (The principal case of the Scholze—Shin conjecture). For the principal datum ey
we obtain the following form of the Scholze—Shin conjecture:

Zu,r * h =g fTJ’L' (533)
Written in terms of stable virtual characters, we obtain the following conjecture
O (frn) = 2P (06°) © (h) . (5.3.4)
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Remark 5.93 (A conjectural extension of the Scholze-Shin conjecture). In essence the Scholze—
Shin conjecture (which, for simplicity, we only consider in the principal case) attempts to describe
some values of \Ilgs(z) in terms of the geometrically defined functions ¢; 5.

While desirable, as it gives a potentially extrinsic geometric way of understanding WES it has

a major flaw: The 2,7 only give a relatively small number of elements of Z5P*°(@), and so it’s

not clear that a description of 2z, , = \IJES(ZZI,)fc) is sufficient to characterize \Ifgs.

In some cases, so-called good groups in the sense of [BMY23, Definition 3.1|, the Scholze—Shin
conjecture should be enough. Namely, op. cit. shows that, at least if one has the Scholze-Shin
conjecture for all hyperendoscopic groups, then it (together with the usual desiderata) is enough
to characterize a (discrete) local Langlands correspondence.

That said, there is a natural way to conjecturally generalize the setup which should be sufficient
in all cases: one should use excursion operators. Namely, for each excursion datum D in the sense
of [FS21, Definition VIII.4.2| one can form an element 23 of Z%°°¢(G), and, in fact, almost
every element of Z°°¢(@) is of this form.* Such excursion operators are not so far afield from

: GxW, A o :
what we have considered. Namely, set R = Indé:WQp r, and let P be the G-equivariant projector

onto the identity-coset summand. Then zjP7¢ = 23 for

D = ({1,2}, RK RY, (P ® 1)coevg, ¢Pevg, (1,1)).

where evg and coevg stand for ‘evaluation’ and ‘coevaluation’, respectively.
It is then natural to predict that there exist for any excursion datum D and h in Hc(G9(Z,)) a
function fpp, in Hc(G(Qp)), and a version of the Scholze-Shin conjecture should hold:

pkh=g fon,  O(fon) = 22 (p5))O(h),
spec

where zp = \IJES(,ZD ) and © is an atomically stable virtual character.

The definition of fp j is currently unclear, but there is a natural guess. Namely, one might
imagine that there is a prismatic version of the moduli space of shtukas with an arbitrary number
of legs, for which the case of a single minuscule leg u should recover something close to Bng‘.
Then fp j should be defined in a way analogous to the single-let setting, but using the deformation
spaces of these multi-legged prismatic deformation spaces. In fact, one can probably currently
formulate (although not give a fine study of) such functions using shtukas in place of prismatic
theory; compare with §3.4.

5.4. Applications to Shimura varieties. In this final section we record the application of
Theorem 4.163 to understand, conditional on several things, the decomposition of the cohomology
of Shimura varieties, and the computation of their partial semisimple Hasse—-Weil (-functions.
The ideas here are extensions of those from [Hail4| and [SS13|, and we refer the reader to these
sources for more discussion on terms below.

Setup 5.94. Retain Setup 4.1 and Notations 4.152 and 4.153, and further fix/write/assume:
e G2 is Q-anisotropic;
e G =G
an isomorphism ¢,: Q, = C;
an irreducible algebraic representation £ of G@;

d = dim¢ X;
W= —Hhn-

5.4.1. The case of no endoscopy. We begin by describing the results in the simplifying case
of no endoscopy as in [Hail4, Theorem 6.3.2].

[ ]
[ ]
e a geometric Frobenius lift ®, in Wg;
[ ]
[ ]

Assumption 5.95. We assume that:

40)More precisely, as we’re working over C, every regular function on a locus with bounded wild ramification is
the restriction of such an element. The full spectral Bernstein center is recovered by taking the inverse limit over
these loci; see [FS21, §VIIL.3.2 and §IX.5] for precise statements.
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e G has no endoscopy in the sense of [Hail4, Theorem 6.3.2];%!
e Theorem 4.163 holds for every h and fP, and for 7 in ®]'Ig for sufficiently large m;
e for 7 and h as above (5.3.3), i.e., the principal case of the Scholze-Shin conjecture, holds.

We first specify the archimedean data necessary to state our results.

Setup 5.96. We fix/write:

e 70 an essentially discrete-series representation of G(R) with central and infinitesimal

characters equal to those of £V
e fro a pseudocoefficient for 73 ; see [Hail4, §6.3] and [SS13, §5];

i ff,OO = (_1)df7rgo
We next specify the multiplicities which will occur in our formulae.

Notation 5.97. Let us write:

o 11 (&) for the irreducible admissible representations of G(R) with the same central and
infinitesimal characters as £V

® Myisc(Tf ® o) for the automorphic multiplicity as in [Hail4, §6.3], with coeflicient
conventions as in [SS13, §5].

We combine the above discussion to define the coefficient of the terms in our decomposition.

Notation 5.98 (|Hail4, Theorem 6.3.2| and [SS13, §5]). For an irreducible admissible represen-
tation 7y of G(Ay), set

ag(mp) = > Maise(Tf ® Too) tr(fe,00 | Too)- (5.4.1)
Too €Ilos (£)

We now discuss the notation needed to describe the Galois-theoretic components of our
decompositions.

Notation 5.99. If V = hﬂ V; is a filtered colimit of Q,-representations of Wg, write V5 = h%m V>
where V;* is the usual Jordan-Hélder semisimplification. These operations naturally pass to the
level of Grothendieck groups.

Notation 5.100. Let 7, be an irreducible smooth G(Q,)-representation. Write
.S d

. FS * 2

RWP = <T—Mh o (pﬂp |WE) ® ’ ' |E27

where |7|g := |Artg(7)|g is normalized so that geometric Frobenius has absolute value ¢!,

Proposition 5.101 (cf. [Hail4, Theorem 6.3.2]). With Setup 5.94 and Assumption 5.95, there
is a decomposition of virtual G(A]}) x Ko x Wg-representations

HI (G, X, 0)¥= > ag(wf)[wp&wpym&}zﬂp : (5.4.2)

T =mPRTp
where Ty ranges over irreducible admissible G(Ay)-representations.

Proof. By linear independence of characters and the Brauer—Nesbitt theorem, it suffices to verify
equality of the traces of 7 x h x fP for all h and f? as in Assumption 5.95 and all 7 in ®]'Ig
with m sufficiently large; cf. the argument in [SS13, proof of Theorem 9.1]. On the one hand, the
pseudostabilization argument in the proof of [Hail4, Theorem 6.3.2] shows that, given Theorem
4.163, one has that this trace on the left-hand side is

Yo aglmp) e(f7 [ 7) tr(frp | mp).

T =P RTp

4“IEquivalently, the group €(1y,,G;A/Q) from Definition 4.109 vanishes for every semisimple vy in G(Q).
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On the other hand, the trace of the right-hand side is
> aglmp)te(fP | 7P) te(h | mp) tr(7 | Rr,).
TE=mP Ry
Then, the principal case of the Scholze—Shin conjecture says that these quantities are equal. [

Remark 5.102. Of course, it would be desirable to have the conclusion of Proposition 5.101
hold as virtual G(As) x Wg-representations; this is closely related to [SS13, Question 7.5].

This has an immediate finite-level corollary by passing to invariants.*?

Corollary 5.103. With setup as in Proposition 5.101, if K = K,KP is neat and satisfies K, C Ko,
then one has a decomposition in the Grothendieck group of Q,[Wg]|-modules:

HY (G, X, K, = > ag(ms)dim(rf) Ry, (5.4.3)
7rf:7rp®7rp
As in [Hail4|, we obtain implications for the partial semisimple Hasse—Weil (-functions of
Shimura varieties, the definition of which we now recall.

Notation 5.104. Let V be a finite-dimensional virtual Q,-representation of I'g;, and let S be a
set of finite places of E not dividing £. For v in S, put V;, = Vg, and ¢, = |k(v)|, and let I,
and @, denote inertia and a geometric Frobenius lift in W, , respectively. Define

SS —8 ss\ Ly -1
G (V,s) = Hdet(l—qv o, | (V3 )I ) .
veS
Notation 5.105. Let us fix a neat level K and define S(K) to be the set of places v of E not
dividing ¢ lying over a prime p where K, is contained in a hyperspecial subgroup of G(Q,). We
then write

Cgs(K) (G7 X7 K’ 57 S) = CZ’S(K) (H:(G, X7 K7 5)7 8) .

Corollary 5.106. Assume the setup of Corollary 5.103 holds for every place v in S(K), and
write Ry, o for Ry, formed with E = E,. Then, we have an equality

_ 5\ % (my) dim 71'5}
Eo@ X Kes)= [ I det (1 — D, | Rw) .

UeS(K) 7rf:ﬂ'1’®7rp
5.4.2. Endoscopic cohomology and local factors. We now extend the preceding discussion
to cases where the no-endoscopy hypothesis does not hold.

Setup 5.107. Retain Setup 5.94, and fix:
e a compact open level K = K,KP with K, C Ky and KoKP? neat;
e h=¢(K,) and f? = e(KP);
e an integer mgy > 1 such that (4.4.2) holds for every m > mg and 7 in ®}'Ip.

Setup 5.108. For each ¢ in E.(G), we:
e write H1 = HlyQp;
e fix a transfer h* in H,, (H1(Qp)) of h;
e use the z-pairs, measures, and factors f%P and fg from Notations 4.155 and 4.159;
e and usethe central elements zj, . associated with Construction 5.81.

Notation 5.109. For each ¢, we choose the central data of Notation 4.156 with U, small enough

that h® transforms under ¢, *(U,) by Q;I}; the existence of a choice follows as in [KSZ21, §7.1.4].

Assumption 5.110. For each ¢, assume there are constants b, ; in C and stable virtual characters
O.,; of H1(Qp), indexed by g, such that:

2We are implicitly using the fact that compact-group invariants are exact in characteristic 0.
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e The nonzero constituents of ©,; have ¢, *(Up)-character €2 ,, and common Fargues—
spec
Scholze parameter [A;] in X~ .
e For every 7 as above,

H H
STeque( ;,h,g) = STdislc,Qe Thg Z be,;Oe ,J Th (5.4.4)
J€de
where the first term is as in Definition 4.160 and the second is as in [KSZ21, §9.1.2].
We further assume that:

e Only finitely many pairs (e, j) satisfy b, ;O ;(h%) # 0.
e For every (e,j) with b j # 0, there are a finite-dimensional semisimple C-representation
Ve,; of Wg with finite inertia image and S, ; in Endy, (V; ;) such that

77 (Pegl) = tr(Seym | Vey) (5.4.5)

for every 7 as above.
e Conjecture 5.89 holds for every ¢ and 7 as above.

Lemma 5.111. Under the preceding assumptions, for b, ; # 0 one has
Ocj(f7n) = tr(Se 7 | Ve)Oe,i(h°). (5.4.6)

Proof. On each constituent, zf, . acts by the common scalar z;;7*([Ae;]), by (5.2.14) and Propo-
sition 5.77. So the claim follows by applying (5.4.5) and [Hail4, Corollary 3.2.1]. O

Notation 5.112. Let Yk ¢ represent the isomorphism classes of irreducible Wg-constituents of
the V, ; with b, ;O ;(h®) nonzero, and set for o in X ¢:

nke(0) = Y U(Gye)beiOc(ht) tr (S, | Homy (o, Ve ), (5.4.7)
baﬁei‘%’l‘)ﬂ
with (G, ¢) as in Notation 4.159.
The following is proven in much the same way as Proposition 5.101.

Theorem 5.113. Under Setup 5.107 and Assumption 5.110, one has

HI (G, XK ¥ = Y nke(o)lo] (5.4.8)

G’EEK@
in the Grothendieck group of Q,[Wg]-modules.

Corollary 5.114. Assume that the setup in Theorem 5.113 holds for every place v in S(K).
Then, one has an equality

Guo(CX K &)= [ T det (1 —gp®, | o) e, (5.4.9)
UES( )UGZK§U

APPENDIX A. SOME /-INDEPENDENCE RESULTS FOR THE COHOMOLOGY OF RIGID
SPACES

In this section we extend some of the ¢-independence results from [Mie07] to certain non-quasi-
compact smooth rigid spaces.

Notation A.1. Fix K/Q, a finite extension. We use Notation 1.28, but furthermore:
e fix a uniformizer w;
e and write W5 = {7 € Wk : v(7) > 0}.
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A.1. The p-bounded generic fiber. To state our theorem precisely we must first develop some
basic terminology and results concerning the ‘bounded generic fiber’ of an affine formal scheme
formally of finite type over O.

Definition A.2. Let X = Spf(R) with R an adic ring formally of finite type over O. Then,
the p-bounded generic fiber of X is

X = Spf(R, (p))y := Spa(R) Xspa(ox) SPa(K) = Spa(R[1/3], R),

where in the third quantity R is endowed with the p-adic topology, and where in the fourth Ris
the integral closure of im(R — R[/p]) in R[l/p].

Remark A.3. While not called by this name, there is precedent for p-bounded generic fibers
in the literature. For example, in [Str08, §3], such objects were studied under the name quasi-
compactifications. In [Kapl2], Kappen defines appropriate globalizations of p-bounded generic
fibers under the name uniformly rigid spaces. That said, these uniformly rigid spaces are not
adic spaces in the sense of Huber, but likely can be interpreted in Clausen—Scholze’s language of
analytic stacks. The results of this section likely extend to these settings, correctly interpreted.

To help conceptualize this notion, we study the topological properties of the p-bounded fiber
in the simplest case which, in fact, is the only case used in the main body of the paper.

Example A.4 (The p-bounded open unit disk). For d > 1, let us set
Rd = OK[[Tl,...,Td]], md:(w,Tl,...,Td).

We notate the bounded generic fiber of Spf(Rg4, my) as the bounded open disk, and write it D;l;b.
Observe that there is a natural p-adically continuous map

ja: (Ox(Th, ..., Ta), (p)) — (Ra, (p)),
and so we obtain a natural map of adic K-spaces j4: D?&b — B?{. We claim that
(1) the open embedding DCIZ( — B}@ factorizes through an open embedding D% — D;l%b;
(2) the image of j4 is given by
Df = sp~"(0)° C im(ja) = sp~ ! (Spec(Ong9)) € B,
where sp: |B%| — |A¢| is the specialization map and 0 is the origin in A%(0);
(3) jq is a homeomorphism onto its image when d = 1;
(4) but jg is non-injective for d > 2.
Claim (1). Let
sp”: D] = | Spec(K[T1, .., Tal)l,
be the specialization map for Spf(Ry, (p)). Then, as per usual, the map
(Rdv (p)) — (Rda (p)>t/1\1¢ = (Rdvmd)

induces an isomorphism
D% = Spf(Rg, mg), = (sp”)"1(0)° € DL,

That this gives a factorization of the inclusion D}l( — le( through j4 follows as the composition

(Ok(Th, - Ta), () > (Ra, (p)) = (R, my)
is the natural map. This verifies claim (1).
Claim (2). Let us observe that im(jg) C spfl(Spec(OAZp)) merely by the functoriality of
specialization. To see the reverse inclusion, let = belong to sp~!(Spec(O szo)) and let k(z)™ be

its valuation ring. As the map of discrete rings Ox (T1,...,Tg)m, — Rq is faithfully flat, we
deduce that the map

Spec(Rg @Ok (Tt Ty k(z)*) — Spec(k(z)™),
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is faithfully flat. Take a prime of the source lying over the maximal ideal of the target, and
choose a valuation ring dominating it. Restricting this to R4[l/p| gives an element of Dcllgb which,
by construction, maps to = in B%. This verifies claim (2).

Claim (3). In this case one can do a simple analysis, similar to the classification of points in
B}(, to deduce that the only points of D}%b not lying in D}( are the Gauss point néb where, more
generally

b ' .
R Rd[l/p] - R Z a(ilwwid)TIZl e Téd = ‘sup‘ |a(i1,...,id)|a
(i1,...,iq) EN (31,-,%q)

(where |a;, ... i,)| is using the native absolute value on O ), and the point

7721717: Ri[Yp] = R x {17}4, Zain > sup lai|(17)°,
ieN ¢
where 1 < 17 < « for every z in (1,00). Thus, to show that j; is injective it suffices to show
that that j; (ngl) # jl(ngll_); but this is clear.

Claim (4). We do this for d = 2, as the generalization for d > 2 is obvious. Choose an element
f(T1) in T1Ok[T1] whose image in T1k[T1] is transcendental over k(77). There is a natural
continuous quotient map Ra[l/p] — Ri[l/p] sending T5 to f(T1). We may then pull back the
1-dimensional Gauss valuation nézb from above to obtain a valuation 7. By inspection one has
that n # néb. That said, we claim that ja(n) = jg(né’b), and that both are equal to the usual
Gauss norm nZ on B%. It’s clear that jg(né’b) = 1%, and so it remains to show that ja(n) = nZ.
But, this is equivalent to the claim that if g(77,7%) in K(T1,T5) is non-zero, and we can scale
it by powers of the uniformizer 7 so that it lies in Og (71, T5) and has non-zero reduction in
k[Ty,Ts], then n(g) = 1. But, as f(T}) is transcendental mod 7 we have that

g(T17f<T1>) #0 mod T,
and thus, by definition, we have that n(g) = 1.

While many of the features of Example A.4 extend more generally, the only one we will need
in the sequel is the following.

Proposition A.5. Suppose that X = Spf(R) is formally of finite type over O . Then, there
exists a canonical open embedding X, — %f].

Proof. Let I be an ideal of definition of R which, without loss of generality, contains p. Then, we
have a natural closed embedding Z = Spec(R/I) — Spec(R/p), and we observe that X, = %Z(Z).

As %f](Z) is open in %f], the claim follows. O

We will be interested not only in the p-bounded generic fibers of formally of finite type formal
O g-schemes, but also in certain covers of them. But, the following says that, in fact, no new
objects are gained by considering such covers.

Proposition A.6. Suppose that X = Spf(R) is formally of finite type over O and write X = X,
and X = :{% Then, for any finite map f: Y? — X there exists a formally of finite type formal
Ox-scheme ) = Spf(S) such that Y = 2)% and a finite morphism ) — X modeling f. Moreover,
if f is open, then with Y =9, one has Y = f~1(X).

To prove this proposition, it’s useful to establish the following basic lemma whose proof is
simple and thus left to the reader.

Lemma A.7. Let R be a formally of finite type Ok -algebra, and R — S finite. Then, there is
a unique topology on S with R — S a continuous map of formally of finite type Ok -algebras;
namely the 1.S-adic topology where I is an ideal of definition of R.
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Proof of Proposition A.6. Write Y? = Spa(A, A*), where A is finite over R[1/p] and A7 is the
integral closure of Rin A; see [Hub96, §1.4.4]. Choose an ideal of definition I of R containing p,
as well as generators ay,...,a; of A as an R[l/p]-module. As A is finite over R[l/p], each q; is
integral over R[1/p]. Choose N such that every b; = p™a; is integral over R, and set

S =im(R — A)[by,...,b] C A;

so S is finite over R and S[1/p] = A. Equip S with the I.S-adic topology and set ) = Spf(S). By
Lemma A.7, Q) is formally of finite type over O, and %) — X is finite.

Now, the p-adic topology on S induces the given topology on A, and by transitivity of
integrality, both A™ and the integral closure S of S in A are the integral closure of the image of
R in A.Thus, we conclude that

Y’ = Spa(S[1/p], S) = Spa(4, AT) = Y?,

compatibly with the map to X°.
To see that f~1(X) =Y when f is open, we proceed as follows. Write

Spy; : \Xb] — | Spec(R/p)|, Spy: |Yb\ — | Spec(S/p)|.

Thus, we have the following equalities

FHX) = 7 sy (Spec(R/T))°)
= f~'(sp"(Spec(R/1)))°
= spy (F ' (Spec(R/IR))°
= sp;  (Spec(S/1S))°
=Y,
where in the second equality we have used the fact that f is open. O

A.2. Finiteness and vanishing of cohomology. We first observe that results of Berkovich
imply that the £-adic cohomology of p-bounded finite covers of p-bounded generic fibers of formally
of finite type formal O g-schemes is finite.

Definition A.8 (|Berl5, §3.1]). Let X be a locally formally of finite type formal Og-scheme. A
sheaf of A-modules F on X, is X-constructible if there exists an affine open cover {Spf(4;)} of X
such that Flgpe(a,), is the pullback of a constructible A-module on Spec(A;[1/p]).

Example A.9 ([Berl5, §3.1]). With notation as in Definition A.8, any locally constant sheaf of
A-modules on X,, is X-constructible.

Proposition A.10. Let X be a formally of finite type formal Ok -scheme of dimension n. Fiz a
locally constant A-module I on X,. Then, H (Xc,Fc) is finite as a A-module for each i > 0
and vanishes for i > n (resp. i > 2n) if X is affine (resp. in general).

Proof. The first claim is [Berl5, Corollary 3.1.2|. The second claim follows as X, is quasi-Stein
as in [Han20, §3.3]; see [Sch13b, p. 234]. Indeed, we may then apply [Han20, Corollary 3.4]
(resp. [Hub96, Corollary 2.8.3]) and the method of proof of [Han20, Corollary 3.4], using [Far04,
Proposition 5.9.4] to pass to general A-coefficients. O

The following is an immediate corollary of Proposition A.10 by pushing forward F along f.

Corollary A.11. Let X be a formally of finite type formal O -scheme of dimension n and let
X = X,,. Then, for any finite étale cover f: Y — X and any locally constant A-module F on 'Y
the A-module H:, (Yc,Fc) is finite for each i > 0 and vanishes for i >n (resp. i > 2n) if X is
affine (resp. in general).

104



A.3. (p-bounded) generic fibers and /-independence. In this subsection we extend some of
the ¢-independence results from [Mie07] to certain non-quasi-compact rigid spaces.

Theorem A.12. Let X be a formally of finite type formal O g -scheme with X = X,, smooth over
K. Then, for any T in W, the quantity tr (7’| (XC,Q@)) is an integer independent of £.

Proof. Tt suffices to treat X = Spf(A). Choose an ideal of definition I = (fi,..., fs) containing
p, and set

Xm ={z € X :|fa(z)|™ < |p| for all a},

which are smooth affinoid K-spaces exhausting X.
We claim that, for each £ # p, restriction induces I',-equivariant isomorphisms

H, (X, Qo) = HL (X)), Qo), for all i > 0,

for all sufficiently large m. Indeed, start by choosing a strictly semistable compact hypercovering
e — X of X as in [Berl5, end of §3.3], and write Y, = (94), and Y, ;m = Y, X x X,,. Note that
each 9), is of finite type over X and locally algebraizable. Now, by [Hub07, §5.7 and Corollary
5.8], Poincaré duality, and descent for finite affine open covers, the restriction map

H, (Yo, Fe) = HL, (Yoo, Fo), For all j >0 (A.3.1)

once m is sufficiently large. By [Berl5, §1.2], compact hypercoverings satisfy universal cohomo-
logical descent, which allows the comparison of the first-quadrant descent spectral sequences for
Yo — X and Y, ,, = X,,. Writing d = dim X, we observe that only simplicial degrees at most
2d 4+ 1 are needed to compare their abutments through degree 2d. The claim then follows by
choosing m large enough for these finitely many comparisons. Using standard arguments, one
then deduces that (A.3.1) holds with Z/¢™-coefficients for every n, and thus for Q-coefficients.

As the desired independence-of-£ claim holds for (X, )¢ by [Mie07, Theorem 7.1.10], we deduce
from the above discussion that it also holds for X, as desired. O

Using Theorem A.12, we are able to prove the following proposition which is important in the
main body of the text (see Theorem 3.38).

Proposition A.13. Suppose that X = Spf(R) is formally of finite type over Ok and write X = X,,
which we assume smooth, and X® = %71’7. Then, for any finite étale map f: Y? — X and any finite
order element g of Aut(Y?/X") and any T in Wi, the quantity tr (7 x g|H} (f~(X))c,Qy)) is
in Z and independent of £.

We first establish a Galois-descent-like result for formally of finite type Og-schemes.

Lemma A.14. Suppose X = Spf(R) is formally of finite type over Ok, and write X = X,. Let
g be a finite-order O i -automorphism of X, and let T be in Wjt. Put r = vi(7), and let L/ K be
the unramified extension of degree r inside K. Then there is a formally of finite type O -algebra
R’ such that, writing X' = Spf(R'),, there is f: X[, = X¢ with f o Tx, = (90 Txc) 0 [

Proof. With L as in the statement, replacing (K, R) by (L, R ®¢, Or), we may assume that
vi(T) = 1. Let m = |g|. Set K,, to be the unramified extension of K of degree m. Then,
O — Ok, is a Galois cover with Galois group I' = {04} ~ Z/mZ, where 0 = 7|, . Let or
denote the natural action of o on Rp, —and let I' act on Ry, by o2 = (or x g)(x). Let T
denote Ry, ~with this action of I'. Finally, write v = g o og.

By Galois descent for affine schemes we know that the natural map 77 ®g¢ < Ok, = T is
an isomorphism. As T is formally of finite type over Ok, , and thus formally of finite type
over O, we may choose an adic surjection h: Og(z1,...,2)[y1,...,ys] — T. Let us write
P = (‘)K<Xiyj);i,...;£[[Yg,k]]lf Los and define the map

.........

h:P— T, Xi,j — ej(w(h(xi)), Y (h(ml)))a Yvﬁ,k = ek(’Y(h(yZ))’ st 77m(h(y€)))

where e; and e, are the 7 and k™ elementary symmetric polynomials, respectively.
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This map is finite and continuous, and thus adic by Lemma A.7. Then, by design the map A’
factorizes through 7T and, as P is Noetherian, we deduce that the map h': P — TT must also
be finite. In particular, we see from Lemma A.7 that the (p, Yy )-adic topology on T' makes
it into a formally of finite type Og-algebra. Moreover, by setup we see that the natural map
TV ®o, Ok,, — T is now an isomorphism of formally of finite type O, -algebras.

It is clear by construction that R’ := T satisfies the desired conditions. U

Proof of Proposition A.13. To begin, we apply Proposition A.6 to obtain ) = Spf(S) as in the
statement of that proposition. Moreover, replacing the generators b; of S as in the proof of loc. cit.
their g-translates we may assume that g stabilizes S. We may then apply Lemma A.14 to obtain
an S’ and a Y’ as in this statement. Then, by Theorem A.12 we know that tr (7|HZ (Y/, Qp))
is an integer independent of £. But, by design, we have an isomorphism f: Y/, — Y¢ such that
fory, = (9 X Ty.) o f, and thus

tr (T1HE(YE, Q) = tr (9 x 7|HE (Yo, Q)

from where the conclusion follows. O
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